Rules for integrands of the form (ex)" (a + bx")P (¢ + dx")4

0. j(ex)'“ (bx")? (c+dx")%dx

1. J(ex)'" (bx")? (c+dx")%dx whenmez v e>0

1: J(ex)’“ (bx")? (c+dx")%dx when (mez v e>0) A m;lez

Derivation: Algebraic expansion and integration by substitution

Basis: If ™21 ¢ 7, then x» (bx")? = 2 x* (bxn)P* 5
n

m1
—-1

b

Basis: x" 1 F[x"] = % Subst[F[x], X, x"] dxX"

n

Rule1.1.3.4.0.1.1:If (meZ V e >0) A ™1 c7 then

n

j(ex)'" (bx")? (c+dx")Tdx — Subst[J‘(bx)""m;_l‘1 (c+dx)%dx, X, x"]

m+l

nbw !
Program code:
Int[(e_.*x_)"m_.x(b_.*x_"n_)"p_=(c_+d_.*x_"n_)"q_.,x_Symbol] :=

erm/ (nxb* (Simplify[ (m+1) /n]-1)) *Subst[Int[ (bsx)~ (p+Simplify[ (m+1) /n]-1)* (c+d+x)~q,x],x,x*n] /;
FreeQ[{b,c,d,e,m,n,p,q},x] & (IntegerQ[m] || GtQ[e,0]) && IntegerQ[Simpli-Fy[ (m+1) /n]]



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

2: J(ex)’“ (bx")? (c+dx")dx when (nez v e>0) A %eﬁz

Derivation: Piecewise constant extraction

Basis: 5, 221" .. 0

Rule1.1.3.4.0.1.2:If (meZ v e >0) A ™% ¢ 7,then

am bIntPar-t [p]l (b X") FracPart[p]

f(ex)m(bx")p(c+dx“)qu — X""P (¢ +dx")Ydx

xh FracPart [p]

Program code:
Int[(e_.*x_)"m_.*(b_.*x_"n_.)"p_=(c_+d_.*x_"n_)"q_.,x_Symbol] :=

e*mxb~IntPart[p] * (bxx"n) ~*FracPart[p]/x" (nxFracPart[p]) *Int [x* (m+nxp) * (C+d*x*n)*q,x] /;
FreeQ[{b,c,d,e,m,n,p,q},x] & (IntegerQ[m] || GtQ[e,0]) && Not[IntegerQ[Simplify[ (m+1)/n]]]

2: j(ex)'" (bx")? (c+dx")%dx whenm¢ z

Derivation: Piecewise constant extraction
Basis: 5, 1—>— =0

Rule 1.1.3.4.0.2: If m ¢ Z, then

eIntPar‘t [m] (e X) FracPart[m]

j(ex)m(bx")p(c+dx")qu — J‘x’" (bx")? (c+dx")*dx

XFr'acPar“c[m]

Program code:

Int[(e_»x_)"m_x*(b_.*x_"n_.)"p_*(c_+d_.*x_"n_)"q_.,x_Symbol] :=
e~IntPart[m] * (exx) ~*FracPart[m] /x*FracPart [m] *Int [x*m* (bxx”~n) *p* (c+d*x”*n) *q,X] /;
FreeQ[{b,c,d,e,m,n,p,q},x] &% Not[IntegerQ[m]]



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

Xm

E1. J
(a+bx2)1/4 (c+dx2)

dx whenbc-2ad=0 AmeZ A (a>ev fez)

X
1: dx whenbc-2ad==0 A a>0
(a+bx2)1/4 (c+dx2)

Note: The result is real and continuous when the integrand is, and substitution u — x2 results in 2 inverse trig and 2 log
terms.

Rule1.1.3.4.El.l:If bc-2ad =0 A a > 0,then

X 1 Va -Va+bx? Va +Va+bx?
dx — -—— ArcTan ] - ArcTanh ]
(a+bx2)1/4 (c+dx?) V2 al/4d V2 a4 (a+bx2)1/4 V2 al/4d 2 a4 (a+bx2)1/4

Program code:

Int[x_/ ((a_+b_.*x_"2)"~(1/4) % (c_+d_.*x_"2)),x_Symbol] :=
-1/ (Sqrt[2] xRt[a,4] *d) xArcTan[ (Rt[a,4]~2-Sqrt[a+b*xx"2]) / (Sqrt[2]*xRt[a,4]* (a+bxx"2)~(1/4))] -
1/ (Sqrt[2] xRt[a,4] xd) *ArcTanh[ (Rt[a,4]"2+Sqrt[a+bxx"2]) / (Sqrt[2]xRt[a,4]* (a+bxx*2)~(1/4))] /;
FreeQ[{a,b,c,d},x] &% EqQ[bxc-2xaxd,0] && PosQ[a]



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

2: l dlehenbc—Zad::OAmeZ/\(a>0VmGZ)
(a+bx2)1/4 (c+dx2) 2

Rule1.13.4E12:ff bc-2ad=0 Amez A (a>0V %ez),then

m m
J x dx — JEXpandIntegrand[ x B x] dx
(a+bx2)l/4 (c+dx?) (a+bx2)l/4 (c+dx?)

Program code:

Int[x_~m_/ ((a_+b_.%*x_"2)"(1/4) % (c_+d_.*x_"2)),x_Symbol] :=
Int [ExpandIntegrand [x*m/ ( (a+b*x*2) " (1/4) » (c+d%xx"2)),x],x] /;
FreeQ[{a,b,c,d},x] &% EqQ[bxc-2xaxd,0] && IntegerQ[m] && (PosQ[a] || IntegerQ[m/2])



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

Xm

E2. f
(a+bx2)3/4 (c+dx2)

dx whenbc-2ad=0 AmeZ A (a>ev fez)

2

1.j X dx whenbc-2ad=-0
(a+bx2)3/4 (c+dx?)
X2 b2
1: dx whenbc-2ad=0 A —>0
J‘(a+bx2)3/4 (c+dx?) @

Reference: Enestrom index number E688 in The Euler Archive

Rule1.1.3.4.E2.1.1:if bc-2ad =0 A 2 > @,then

b

]

[ Varee i o] 2 Varb
X

2 b + a
J 2 3)/(4 2 dx — - b2\ 3/4 Ar‘cTan[ p2 | 3/4 1/4] * b2\ 3/4 Ar‘cTanh[ b2 | 3/4 14
(a+bx?)™" (c+dx?) ad(—) (:) (a+bx?) ad(—) (—) x (a+bx?)

a a

Program code:

Int[x_%2/ ((a_+b_.xx_"2)~(3/4) % (c_+d_.*x_%2)),x_Symbol] :=
-b/ (axdxRt [b*2/a,4]”3) *ArcTan[ (b+Rt[b”2/a,4]2xSqrt[a+bxx"2]) / (Rt[b*2/a,4] *3*x* (a+bx*x*2)~(1/4))] +
b/ (axd*Rt[b”2/a,4]1~3) xArcTanh[ (b-Rt[b”2/a,4]72+Sqrt [a+b*x"2]) / (RE[b”2/a,4] *3xx* (a+b*xx"2)~(1/4))] /;
FreeQ[{a,b,c,d},x] && EqQ[bxc-2xaxd,0] && PosQ[b”2/a]



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

2

dx whenbc-2ad=0 A ‘;—2;9

X
Z:J-
(a+bx2)3/4 (c+dx2)

Reference: Enestrom index number E688 in The Euler Archive

Derivation: Integration by substitution

Basis:If bc -2ad==0,then —X—— = 2bsupst [ ——, x, —*—] 5,—=>
(a+bx2)3/4 (c+dx?) d 4a+b?x* (a+bx2)1/4 (a+bx2)1/4
Rule1.1.3.4.E2.1.2:1f bc-2ad =08 A 2 » @,then
J X dx — QSubst[J‘L dx, X, ;]
(a+bx2)3/4 (c+dx?) d 4a+b2x? (a+bx2)1/4
b2\ 174 b2 | 174
- X - X
— —;“ArcTan[ ( a) ] + 3 ArcTanh[L]
V2 ad (—ba—z) ! V2 (a+bx2)1/4 V2 ad (—ba—z) " V2 (a+bx2)1/4

Program code:

Int[x_"2/((a_+b_.*x_"2)~(3/4) * (c_+d_.*x_"2)),x_Symbol] :=
-b/ (Sqrt[2] xaxdxRt[-b”2/a,4]73) xArcTan[ (Rt[-b”*2/a,4] *x) / (SqQrt[2] = (a+bxx"2)~(1/4))] +
b/ (Sqrt[2] xaxdxRt[-b”2/a,4]”3) xArcTanh[ (Rt[-b”2/a,4] *x) / (SqQrt[2] = (a+bxx"2)~(1/4))] /;
FreeQ[{a,b,c,d},x] &% EqQ[bxc-2xaxd,0] && NegQ[b”2/a]



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

2: X! dlxwhenbc—Zad::@AmeZA(a>evmez)
(a+bx2)3/4 (c+dx2) 2

Rule1.1.3.4.E2.2:If bc-2ad =0 A me Z,then

m m
J - dx — JEXpandIntegrand[ X B x] dx
(a+bx2)3/4 (c+dx?) (a+bx2)3/4 (c+dx?)

Program code:
Int[x_~m_/((a_+b_.*x_%2)~(3/4) % (c_+d_.*x_~2)),x_Symbol] :=

Int [ExpandIntegrand [x*m/ ( (a+b*x”*2) " (3/4) » (c+d%xx”"2)),x],x] /;
FreeQ[{a,b,c,d},x] &% EqQ[bxc-2xaxd,0] && IntegerQ[m] && (PosQ[a] || IntegerQ[m/2])

1: Jx"‘ (a+bx")p(c+dx")qdlx whenbc-ad#© Am-n+1==0

Derivation: Integration by substitution
Basis: x"1 F[x"] = 2 subst[F[x], X, X"] X"
Rulel1.1.34.1:1f bc-ad+#0 A m-n+1-==0,then

Jx’“ (a+bx")? (c+dx")%dx — 1Subs‘l:[J(a+bx)p (c+dx)%dx, x, x"]
n

Program code:

Int[x_"m_.x(a_+b_.*x_"n_)"p_.*(c_+d_.*x_"n_)"q_.,x_Symbol] :=
1/nxSubst [Int[ (a+bxXx) “p* (c+d*Xx) *q,Xx] ,X,X*n] /;
FreeQ[{a,b,c,d,m,n,p,q},x] & NeQ[bxc-axd,0] && EqQ[m-n+1,0]



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

2: Jx'" (a+bx")? (c+dx")%dx whenbc-ad#@ A (p|q) €Z An<O

Derivation: Algebraic expansion
Basis: If p € Z,then (a+ b x")P == x"P (b+ax™"™)P
Rule1.1.34.2:If bc-ad+0@ A (p|q) €Z A n<0,then

Jx“‘ (a+bx")” (c+dx")qd1x — Jx'“*" (p+a) (b+ax'")p (d+cx'")qd1x

Program code:

Int[x_"m_.*(a_+b_.*x_"n_)"p_.*(c_+d_.*x_"n_)"q_.,x_Symbol] :=
Int [X* (m+n*x (p+q) ) * (b+axx" (-n) ) *p* (d+c*x” (-n) )*q,x] /;
FreeQ[{a,b,c,d,m,n},x] &% NeQ[bxc-axd,0] && IntegersQ[p,q] && NegQ[n]



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

3. f(ex)"‘ (a+bx")? (c+dx")%dx whenbc-ad#0@ A "'r:—lez

1: Jx'" (a+bx")p (c+dx")qd1x whenbc-ad#0 A m;lez

Derivation: Integration by substitution

Basis: If ™1 ¢ Z,then x"Fx"] = lSubst[x$'1 FIX], X, X"] X"
n

n

Note:If nez A m;1 € Z,thenm € 7, and (e x)™automatically evaluates to e™ x™.

Rule1.1.3.4.3.1:1f bc-ad +0 A ™L c 7 then

n

1 mel
jx’" (a+bx")? (c+dx")Tdx — —Subst[J. Tl (@a+bx)? (c+dx)%dx, x, x"]
n

Program code:
Int[x_"m_.x(a_+b_.*x_"n_)"p_.*(c_+d_.*x_"n_)"q_.,x_Symbol] :=

1/n+Subst[Int[x (Simplify[ (m+1) /n]-1)« (a+bxx)"p* (c+d*Xx)~q,X],x,x*n] /;
FreeQ[{a,b,c,d,m,n,p,q},x] && NeQ[bxc-axd,0] && IntegerQ[Simplify[(m+1)/n]]



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

2: J(ex)'“ (a+bx")? (c+dx")%dx whenbc-ad#0 A m;—lez

Derivation: Piecewise constant extraction
Basis: 5, 1—>— =0

eIntPar‘t[m] (e x) FracPart[m]

Basis; 0 ..

XM xFracPart[m]

Rule1.1.3.4.3.2:1f bc-ad + © A ™1 ¢ 7 then

n
eIntPartiml (g yyFracPart(m]

J(ex)'" (a+bx")? (c+dx")%dx — Jx’" (a+bx")? (c+dx")%dx

xFracPart[m]

Program code:
Int[(e_*»x_)"m_.x(a_+b_.*x_"n_)"p_.*(c_+d_.*x_"n_)~q_.,x_Symbol] :=

e~IntPart[m] * (exx) “FracPart[m] /x*FracPart [m] *Int [x*m* (a+b*Xx”n) *p* (c+d*x”n) *q,x] /;
FreeQ[{a,b,c,d,e,m,n,p,q},x] & NeQ[bxc-axd,0] & IntegerQ[Simplify[ (m+1)/n]]

4: J(ex)“‘ (a+bx")? (c+dx")%dx whenbc-ad#@ A (p|q) ez*

Derivation: Algebraic expansion

Rule1.1.3.4.4:1f bc-ad+0 A (p|q) € Z*,then

j(e x)" (a+bx")? (c+dx")¥dx — JExpandIntegr‘and[ (ex)" (a+bx")? (c+dx"), x] dx

Program code:

Int[(e_.*x_)™m_.x(a_+b_.*x_*n_)"p_.*(c_+d_.*x_"n_)"q_.,x_Symbol] :=
Int [ExpandIntegrand[ (e*x) “m* (a+bxx”~n) *p* (c+d*x*n)*q,x],x] /;
FreeQ[{a,b,c,d,e,m,n},x] & NeQ[bxc-axd,0] && IGtQ[p,0] && IGtQ[q,9]

10



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

5. J(ex)"‘ (a+bx")? (c+dx") dx whenbc-ad#0

1: J(ex)m(a+bx")p(c+dx")dx whenbc-ad#@ A ad (m+1) -bc(m+n (p+1) +1) =0 Am#-1

Derivation: Trinomial recurrence 2bwithc =@and ad (m+1) -bc (m+n (p+1) +1) =

Rulel1.1.3451:if bc-ad+@ Aad (m+1) -bc (m+n (p+1) +1) =0 A m# -1,then

c (ex)™? (a + bx")p+1

J(ex)“‘ (a+bx")? (c+dx") dx —
ae (m+1)

Program code:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_.x(c_+d_.*x_"n_) ,x_Symbol] :=
Ccx (exX) A (m+1) * (a+bxx”n) A (p+1) / (axex (m+1)) /;
FreeQ[{a,b,c,d,e,m,n,p},x] & NeQ[bxc-axd,0] && EqQ[axdx (m+1) -bxcx (m+n* (p+1) +1) ,0] && NeQ[m,-1]

Int[(e_.*x_)"m_.*(al_+bl_.xx_"non2_.)"p_.x(a2_+b2_.xx_"non2_.)"p_.=* (c_+d_.*x_"n_),x_Symbol] :=
cx (exx) A (m+1l) * (al+blxx” (n/2) )~ (p+1) * (a2+b2xx” (n/2) )~ (p+1) / (alxa2xex (m+1)) /;

FreeQ[{al,b1,a2,b2,c,d,e,m,n,p},x] && EqQ[non2,n/2] && EqQ[a2xbl+alxb2,0] && EqQ[alxa2xd* (m+1) -blxb2xcx (m+n* (p+1) +1),0] && NeQ[m,-1]

11



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

2. J(ex)'“ (a+bx")? (c+dx") dx whenbc-ad#@ Am+n (p+1) +1=0

1: J(ex)m(a+bx")p (c+dx") dx whenbc-ad#@ Am+n (p+1) +1==0 A (N€ZV e>0) A (N>0 Am<-1 VNn<@ Am+n>-1)

Derivation: Trinomial recurrence 3b withc = @

Rule1.1.3.4521:If bc-ad+@ A (nczZVe>0) AN(n>0Am<-1Vn<@®Am+n>-1),then

c (ex)™? (a + bx")p+1

d
J(ex)“‘ (a+bx")? (c+dx") dx — + —J(ex)'"*" (a+bx")Pdx
en

ae (m+1)

Program code:

Int[(e_.*x_)"m_.*(a_+b_.xx_"n_)"p_.*(c_+d_.*x_"n_),x_Symbol] :=
cx (exXx) M (m+1l) * (a+bxx*n) ~ (p+1) / (axex (m+1)) + d/e*nxInt[ (exx)” (m+n) % (a+bxx*n)*p,x] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & NeQ[bxc-axd,0] &% EqQ[m+n* (p+1)+1,0] && (IntegerQ[n] || GtQ[e,0]) &&
(GtQ[n,0] &% LtQ[m,-1] || LtQ[n,0] &% GtQ[m+n,-1])

2: j(ex)’"(a+bx")p (c+dx") dx whenbc-ad#@ Am+n (p+1) +1=0 Am#-1

Derivation: Trinomial recurrence 2b withc = @

Rule1.1.3.452.2:If bc-ad+0@ Am+n (p+1) +1=0 A m+ -1,then

(bc-ad) (ex)™! (a+bx")" ¢4
( ) +; (ex)'“(a+bx")‘”1dlx

J-(ex)'" (a+bx")? (c+dx") dx —
abe (m+1)

Program code:

Int[(e_.*x_)™m_.x(a_+b_.*x_*n_)"p_.*(c_+d_.*x_"n_),x_Symbol] :=
(bxc-axd) x (exx) ~ (m+1) » (a+bxx”n) ~ (p+1) / (axbxex (m+1)) + d/bxInt[ (exx) mx (a+bxx”n)” (p+1),x] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & NeQ[bxc-axd,0] &% EqQ[m+n* (p+1)+1,0] && NeQ[m,-1]



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q 13

3: J(ex)m(a+bx“)p(c+dx“)dx whenbc-ad#0 A (nezZ V e>0) A (N>0 Am<-1 Vn<@® Am+n>-1)

Derivation: Trinomial recurrence 3bwithc = ©

Rulel1.1.3.453:1f bc-ad+@ A (n€ZVe>0) AN (N> AmM<-1 Vn<O AmMm+n>-1),then

c(ex)™! (a+bx")™" ad(m+1) -bc (m+n (p+1) +1)
.

J.(ex)’"(a+bx")p(c+dx") dx — j(ex)'"*" (a+bx")Pdx

ae(m+1) ae" (m+1)

Program code:

Int[(e_.*x_)"m_.*(a_+b_.xx_"n_)"p_.*(c_+d_.*x_"n_),x_Symbol] :=
cx (exX)~ (m+1l) * (a+bxx*n) ~ (p+1) / (axex (m+1)) +
(axdx (m+1) —bxcx (m+n* (p+1) +1)) / (a*e”nx (m+1) ) *Int [ (e*xx) ~ (m+n) » (a+bxx"*n) *p,x] /;
FreeQ[{a,b,c,d,e,p},x] &% NeQ[bxc-axd,0] && (IntegerQ[n] || GtQ[e,0]) &%
(GtQ[n,0] && LtQ[m,-1] || LtQ[n,0] && GtQ[m+n,-1]) && Not[ILtQ[p,-1]]

Int[(e_.*x_)"m_.%(al_+bl_.xx_"non2_.)"p_.*(a2_+b2_.xx_"non2_.)"p_.=*(c_+d_.*x_"n_),x_Symbol] :=

Cx (exx) A (m+1) * (al+b1lxx” (n/2) )~ (p+1) * (a2+b2xx” (n/2) )~ (p+1) / (alxa2xex (m+1)) +

(alxa2xd* (m+1) -blxb2xcx (m+n* (p+1) +1) ) / (alxa2xe”nx (m+1) ) *xInt [ (e*xx) ~ (m+n) » (al+blxx” (n/2)) ~p* (a2+b2xx" (n/2) ) p,x] /;
FreeQ[{al,bl,a2,b2,c,d,e,p},x] & EqQ[non2,n/2] &% EqQ[a2xbl+alxb2,0] &% (IntegerQ[n] || GtQ[e,0]) &%

(GtQ[n,0] && LtQ[m,-1] || LtQ[n,0] && GtQ[m+n,-1]) && Not[ILtQ[p,-1]]



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

4. J(ex)'“ (a+bx")? (c+dx") dx whenbc-ad#@ A p<-1
1. Jx"‘ (a+bx*)? (c+dx?) dx whenbc-ad#@ Ap<-1A 2€Z A (PEZV m+2p+1=:0)

1: Jx'“ (a+bx*)? (c+dx?) dx whenbc-ad#@ A p<-1 A J€Z'A (PEZ V m+2p+1=:0)

Derivation: 7??

Note: If % € Z", b2 xn-2 (c+dx?) - (-a)™?>?* (bc-ad) is divisible bya+bx2.

Note: The degree of the polynomial in the resulting integrand ism .

Note: This rule should be generalized for integrands of the form x™ (a + b x")P (c + d x").

Rulel1.1.3.454.1.1:If bc-ad+0@ A p<-1A %eZ*/\ (peZ Vm+2p+1-=-0),then

Jx"‘ (a+bx2)p (c+dx2) dx —
(-a)™21 (bc-ad) x (a+bx?)P?

2b"2*1 (p + 1)

1 2b (p+1) x® (b™2x™2 (c+dx?) - (-a)™?! (bc-ad)
P rE—— J(a + bxz)p+1 ( ( 2) ) - (-a)"? (bc-ad) | ax
2b"4 (p+ 1) a+bx

+

Program code:
Int[x_"m_x(a_+b_.*x_"2)"p_=*(c_+d_.*x_"2),x_Symbol] :=
(-a)~(m/2-1) » (bxc-a*d) *x* (a+bxx"2) * (p+1) / (2xb™ (m/2+1) » (p+1)) +

1/ (2%b” (m/2+1) % (p+1) ) *Int[ (a+bxx"2) ~ (p+1) »
ExpandToSum[2xbx (p+1) *x*2xTogether [ (b* (m/2) *x* (m-2) * (C+d*x”*2) - (-a) *(m/2-1) * (bxc-axd)) / (a+b*x"2) ] - (-a)*(m/2-1) * (bxc-ax»d) ,x],x] /;

FreeQ[{a,b,c,d},x] &% NeQ[bxc-axd,0] && LtQ[p,-1] && IGtQ[m/2,0] && (IntegerQ[p] || EqQ[m+2xp+1,0])
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

2: J-xm (a+bx*)? (c+dx?) dx whenbc-ad#@ Ap<-1 A J€Z A (PE€Z VM+2p+1:=0)

Derivation: 77?
Note: If % e 7,2 (c+dx?) - (-a)™** (bc-ad) x™? is divisible by a+bx2.

Note: The degree of the polynomial in the resulting integrand is -m.
Note: This rule should be generalized for integrands of the form x™ (a + b x")P (¢ + d x").

Rule1.1.3.454.1.2:f bc-ad+0@ A p<-1A geZ’/\ (pez VvV m+2p+1-=20),then
Jx"‘ (a+bx?)? (c+dx?) dx —
(-a)™** (bc-ad)x (a +bx2)p+1
2 pm/2+1 (p+1)

1 jxm (as be)P*l [Zb (p+1) (b2 (c+dx?) - (-a)™>* (bc-ad) x™?)
2bm/2+1 (p+ 1)

+

a+bx?

Program code:

Int[x_"m_x(a_+b_.*x_"2)"p_=*(c_+d_.*x_"2),x_Symbol] :=
(-a)~(m/2-1) » (bxc-a*d) *x* (a+bxx"2) " (p+1) / (2xb” (m/2+1) » (p+1)) +
1/ (2xb” (m/2+1) % (p+1) ) *Int [ X" mx (a+b*x"2) " (p+1) *
ExpandToSum[2xbx (p+1) *Together [ (b” (m/2) * (c+d*x”2) - (-a)~* (m/2-1) % (bxc-axd) *x” (-m+2) ) / (a+b*x*2) ] -
(-a)~(m/2-1) * (bxc-axd) *x” (-m) ,x],X] /;
FreeQ[{a,b,c,d},x] &% NeQ[bxc-axd,0] && LtQ[p,-1] && ILtQ[m/2,0] && (IntegerQ[p] || EqQ[m+2xp+1,0])

2: J.(ex)m (a+bx")? (c+dx") dx whenbc-ad#@ A p<-1

Derivation: Trinomial recurrence 2b withc = 0

Rule1.1.3.454.2:1f bc-ad +#+0 A p < -1,then

- (-a)™?%! (bc-ad) x| dx

15



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q 16

bc-ad) (ex)™! (a+bx")P? d 1) -b 1) +1
J(ex)"‘ (a+bx")? (c+dx") dx — Al ) (ex)™ (a+bxT) _ad@mrd) mbemenprl) v 1) J(ex)“‘ (a+bx")"*ax
aben (p+1) abn (p+1)

Program code:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_.*(c_+d_.*x_"n_) ,x_Symbol] :=
- (bxc-axd) * (exx)~ (m+1) * (a+bxx”~n) ~ (p+1) / (axbxexnx (p+1)) -
(axdx (m+1) -bxC* (m+n* (p+1) +1)) / (a*bxnx (p+1) ) *Int [ (exX) *mx (a+bxx”n)~ (p+1) ,x] /;
FreeQ[{a,b,c,d,e,m,n},x] & & NeQ[bxc-axd,0] &% LtQ[p,-1] &&
(Not[IntegerQ[p+1/2]] && NeQ[p,-5/4] || Not[RationalQ[m]] || IGtQ[n,@] && ILtQ[p+1/2,0] & LeQ[-1,m,-n*(p+1)])

Int[(e_.*x_)"m_.%(al_+bl_.xx_"non2_.)"p_.*(a2_+b2_.xx_"non2_.)"p_.=*(c_+d_.*x_"n_),x_Symbol] :=

- (bl1xb2xc-al*xa2xd) * (exx) A (m+1) * (al+blxx”* (n/2) )" (p+1) *» (a2+b2xx”(n/2) )" (p+1) / (alxa2xblxb2xexn* (p+1)) -

(alxa2xd* (m+1) -blxb2xcx (m+n* (p+1) +1) ) / (al*a2xblxb2xnx (p+1) ) *Int[ (exx) *m* (al+blxx" (n/2) )~ (p+1) * (a2+b2xx” (n/2) )~ (p+1) ,x] /;
FreeQ[{al,b1,a2,b2,c,d,e,m,n},x] && EqQ[non2,n/2] && EqQ[a2xbl+alxb2,0] && LtQ[p,-1] &&

(Not[IntegerQ[p+1/2]] && NeQ[p,-5/4] || Not[RationalQ[m]] || IGtQ[n,@] && ILtQ[p+1/2,0] & LeQ[-1,m,-n«(p+1)])

5: j(ex)'"(a+bx")"(c+dx")d]x whenbc-ad#@ Am+n (p+1) +1#0

Derivation: Trinomial recurrence 2b with ¢ = @ composed with binomial recurrence 1b

Rule1.1.3455:1f bc-ad+0@ Am+n (p+1) +1 # 0,then

d (ex)™? (a+bX")p+1 ad(m+1) -bc (m+n (p+1) +1)
be (m+n (p+1) +1) b(m+n(p+1) +1)

J(ex)m(a+bx")"(c+dx") dx — J(ex)’"(a+bx")pd1x

Program code:

Int[(e_.*x_)"m_.x(a_+b_.*x_"n_)"p_.*(c_+d_.*x_"n_) ,x_Symbol] :=

dx (exx)~ (m+1) » (a+b*x”n) ~ (p+1) / (bxex (m+n* (p+1) +1)) -

(axd* (m+1) -bxc* (m+n* (p+1) +1) ) / (b* (m+n* (p+1) +1) ) *Int [ (exx) *m* (a+bxx*n)*p,x] /;
FreeQ[ {a,b,c,d,e,m,n,p},x] & NeQ[bxc-axd,0] && NeQ[m+n* (p+1) +1,0]



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q
Int[(e_.*x_)"m_.*(al_+bl_.xx_"non2_.)"p_.x(a2_+b2_.*x_"non2_.)"p_.=* (c_+d_.*x_"n_),x_Symbol] :=
dx (exx) A (m+1) * (al+blxx” (n/2) )~ (p+1) *» (a2+b2xx~(n/2) )~ (p+1) / (b1xb2xex (m+nx (p+1) +1)) -

(alxa2xd* (m+1) -blxb2xc* (m+nx (p+1) +1) ) / (blxb2x (m+nx (p+1) +1) ) *Int [ (exX) *mx (al+blxx” (n/2) ) p* (a2+b2xx”(n/2) ) p,x] /;
FreeQ[{al,b1,a2,b2,c,d,e,m,n,p},x] && EqQ[non2,n/2] && EqQ[a2xbl+alxb2,0] && NeQ[m+nx (p+1) +1,0]

6. j(ex)“‘ (a+bx")? (c+dx")%dx whenbc-ad#@ Anez
1. J(ex)"‘ (a+bx")? (c+dx")%dx whenbc-ad#@ A nez*

dx whenbc-ad#0@ A nez*A pez*

N J(EX)m (a+bx")P

c+dx"

Derivation: Algebraic expansion

Rule1.1.3.46.1.0:1f bc-ad+0@ A nez" A p ez, then
x)" (a+bx")P x)" (a+bx")P
J‘w dx — J‘ExpandIntegr‘and[(E)(;b), x] dx
c+dx" c+dx"

Program code:
Int[(e_.*x_)"m_.x(a_+b_.*x_"n_)"p_/(c_+d_.*x_"n_),x_Symbol] :=

Int [ExpandIntegrand[ (e*x) *m* (a+bxx”~n)*p/ (c+d*x”*n),x],x] /;
FreeQ[{a,b,c,d,e,m},x] && NeQ[bxc-axd,0] && IGtQ[n,0] && IGtQ[p,0] && (IntegerQ[m] || IGtQ[2#(m+1),0] || Not[RationalQ[m]])

1. J(ex)’“ (a+bx?)P (c+dx")2dx whenbc-ad#0 A nez*

1: J(ex)’“ (a+bx")P (c+dx")2d1x whenbc-ad#@ AnezZ*Am<-1An>0

Derivation: ?

Rule1.1.34.6.1.1.1:If bc-ad+#+@ AneZ"Am< -1 A n>0,then

J(ex)"‘ (a+bx")? (c+dx”)2d1x —

17



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

c (ex)™* (a+ bx")p+1

- j(ex)'"*" (a+bx")? (bc’n (p+1) +c(bc-2ad) (m+1) -a (m+1) d*x") dx
ae (m+1) ae" (m+1)

Program code:

Int[(e_.*x_)"m_x(a_+b_.*x_"n_)"p_*(c_+d_.*x_"n_)~2,x_Symbol] :=

C 2% (exX) ~ (m+1) » (a+bxx”n) ~ (p+1) / (axe* (m+1)) -

1/ (axe”nx (m+1) ) *Int [ (exXx) ™ (m+n) x (a+bxx*n) *pxSimp [bxc*2xnx (p+1) +Cx (bxc-2xaxd) x (M+1) -ax (M+1) *d*2xx"n, x] ,x] /3
FreeQ[{a,b,c,d,e,p},x] && NeQ[bxc-axd,0] && IGtQ[n,0] && LtQ[m,-1] && GtQ[n,0]

2: J.(ex)’" (a+bx")P (c+dx")2d1x whenbc-ad#@ A nez*A p<-1

Derivation: ?

Rule1.1.3.4.6.1.1.2:1f bc-ad +0 A neZ"A p< -1,then

J(ex) a+bx) (c+dx”)2d1x —

(bc-ad)? (ex)™* (a+bx")P .
- + ~J‘(ex) (a+bx")?"" ((bc-ad)? (m+1) +b>’c*n (p+1) +abd’n (p+1) x") dx
ab?en (p+1) b?2n (p+1)

Program code:
Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)"2,x_Symbol] :=
- (bxc-axd) *2x (e*xx) ~ (m+1) » (a+bxx"n) ~ (p+1) / (axb”2xexnx (p+1)) +

1/ (a*b”*2xnx (p+1)) *Int[(e*x) Amx (a+bxx~n) A (p+1) *Simp [ (bxc-axd) *2x (m+1) +b*2xc*2xn* (p+1) +axbxd*2xn* (p+1) *x”n, x] ,x] /3
FreeQ[{a,b,c,d,e,m,n},x] && NeQ[bxc-axd,0] & & IGtQ[n,0] && LtQ[p,-1]

3: J(ex)’“ (a+bx")P (c+dx“)2d1x whenbc-ad#@ AneZ*Am+n (p+2) +1#£0

Derivation: ?

Rule1.1.3.46.1.1.3:f bc-ad+@ AneZ " Am+n (p+2) +1+80,then

18



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q
J.(ex)'" (a+bx")? (c +dx“)2dlx —

d2 (e x)m+n+1 (a +bxn)P+1

+
be™! (m+n (p+2) +1)

1

j(ex)"‘(a+bx")"(bc2 (m+n (p+2) +1) +d ((2bc-ad) (m+n+1) +2bcn (p+1)) x") dx
b(m+n (p+2)+1)

Program code:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_* (c_+d_.*x_"n_)"2,x_Symbol] :=

d*2x (exXx) A (m+n+1) x (a+bxx~n) ~ (p+1) / (bxe” (n+1) x (m+nx (p+2) +1)) +

1/ (b* (m+n* (p+2) +1) ) *Int [ (exXx) *mx (a+bxx~n) *pxSimp [bxCc”2x (Mm+n* (p+2) +1) +dx ( (2xbxc-axd) * (m+n+1) +2xbxCxnx (p+1) ) *x*n,X] ,x] /3
FreeQ[{a,b,c,d,e,m,n,p},x] & NeQ[bxc-axd,0] && IGtQ[n,0] &&% NeQ[m+n=x (p+2)+1,0]

2: Jx"‘ (a+bx")? (c+dx")%dx whenbc-ad#@ Anez*Amez A GD[m+1, n] #1

Derivation: Integration by substitution
Basis:If nez Amez,letk =GCD[m+ 1, n],thenx"rix"] = iSubst[x$_1F[x"’k], X, X€] By
Rule1.1.34.6.1.2:If bc-ad+0@ AnezZ*Amezletk =GCD[m+ 1, n],if k #+ 1, then

jx’" (a+bx")? (c+dx")%dx — iSubstU‘x%'1 (a+bx"/k)p (c+dx"/k)qdlx, X, xk]

Program code:

Int[x_"m_.x(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)~q_,x_Symbol] :=
With[{k=GCD[m+1,n]},
1/k*Subst [Int [x" ( (m+1) /k-1) * (a+b*x” (n/k) ) *p* (c+d*x” (n/k) ) ~q,x] ,x,x*k] /;
k#1] /;
FreeQ[{a,b,c,d,p,q},x] &% NeQ[bxc-axd,0] &% IGtQ[n,0] &% IntegerQ[m]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

3: J-(ex)m (a+bx")? (c+dx")%dx whenbc-ad#@ Anez*AmeF

Derivation: Integration by substitution

Basis: If k € Z*, then (ex)"F[x] = £ subst [xk (m1)-1 F[’;—k], x, (ex)k] o, (ex)k

e

Rule1.1.34.6.1.3:If bc-ad+0 A neZ" A meF,letk = Denominator [m], then

X

K b kn\p d
J.(ex)’"(a+bx")p (c+dx")%dx — —Subst[fx“’"*l)‘1 [a+ X ] (c+

kny)d
dx, X, (ex)l/k]
e e"

el’l

Program code:

Int[(e_.*x_)"m_x(a_+b_.*x_"n_)"p_x(c_+d_.xx_"n_)"q_,x_Symbol] :=

With [ {k=Denominator[m]},

k/e*Subst [Int [x” (k* (m+1) -1) * (a+b*x” (kxn) /e”n) *p* (c+d*x” (kxn) /e*n) *q,X] ,X, (exx)* (1/k) ] ] /5
FreeQ[{a,b,c,d,e,p,q},x] && NeQ[bxc-axd,0] & & IGtQ[n,0] && FractionQ[m] && IntegerQ[p]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

4. J(ex)’“ (a+bx?)P (c+dx?)¥dx whenbc-ad#0 A nezZ*Ap<-1
1. J(ex)"‘ (a+bx")P (c+dx")9dx whenbc-ad#0 AnezZ*Ap<-1AQq>0

1: j(ex)m(a+bx")p(c+dx")qu whenbc-ad#@ AneZ*Ap<-1Aq>0Am-n+1>0

Derivation: Binomial product recurrence 1 withA = 0,B = 1andm=m - n
Derivation: Binomial product recurrence 3awithA = ¢,B=dandq=q-1

Rule1.1.3.4.6.14.1.1:if bc-ad+0@ AneczZ'Ap<-1Aq>0 Am-n+1>0,then
~J.(ex)'“(a+bx")p(c+dx")q<:llx —

e (ex)™™? (a+bx")P" (c+dx")® en

bn b D) . P j(ex)'“'" (a+bx")p+1 (c+dx“)q'1 (c(m-n+1) +d (m+n(q-1) +1) x") dx

Program code:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_x(c_+d_.*x_"n_)~q_,x_Symbol] :=
e~ (n-1) x (exx) A (m-n+1) x (a+bxx”*n) ~ (p+1) » (c+d*x”n) *q/ (b*n* (p+1)) -
e"n/(b*n*(p+1))*Int[(e*x)"(m—n)*(a+b*x"n)"(p+1)*(c+d*x"n)"(q-1)*simp[c*(m—n+1)+d*(m+n*(q—1)+1)*x"n,x],x] /5
FreeQ[{a,b,c,d,e},x] & & NeQ[bxc-axd,0] & IGtQ[n,0] && LtQ[p,-1] && GtQ[q,9] && GtQ[m-n+1,0] && IntBinomialQ[a,b,c,d,e,m,n,p,q,Xx]

2: j(ex)“‘(a+bx")p(c+dx")qdlx whenbc-ad#@ AnezZ*Ap<-1Aq>1

Derivation: Binomial product recurrence 1withA = ¢,B=dandg=q-1

Rule1.1.3.4.6.14.1.2:If bc-ad+@ A neZ" A p<-1Aq>1,then
~I-(ex)'“ (a+bx")? (c+dx")%dx —

-(cb-ad) (ex)™? (a+bx")p+l (c+dx")q'1 1
+

aben (p+1) abn(p+1).
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

J(ex)’“(a+bx“)p+1 (c+dx")q’2 (c(cbn(p+1) + (cb-ad) (m+1)) +d (cbn (p+1) + (cb-ad) (m+n(q-1) +1)) x") dx

Programcode:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_=(c_+d_.*x_"n_)”"q_,x_Symbol] :=
- (cxb-axd) *x (exx)~ (m+1) * (a+bxx”*n) ~ (p+1) * (c+dxx*n) ~ (q-1) / (axbxexnx (p+1)) +
1/ (a*bxnx (p+1) ) *Int [ (exx) *m* (a+b*x”n) ~ (p+1) * (c+d*Xx*n) * (q-2) *
Simp[cx (Cxbxnx (p+1) + (cxb-axd) » (m+1) ) +d* (Cxbxnx (p+1) + (cxb-axd) * (m+n=x (q-1) +1))*x"n,x],x] /5
FreeQ[{a,b,c,d,e,m},x] & NeQ[bxc-axd,0] && IGtQ[n,0] &% LtQ[p,-1] && GtQ[q,1] && IntBinomialQ[a,b,c,d,e,m,n,p,q,X]

3: J(ex)m(a+bx")p(c+dx")qu whenbc-ad#0 AnezZ*Ap<-1A0B<q<1

Derivation: Binomial product recurrence 1 withA = 1andB = @
Derivation: Binomial product recurrence 3bwithA = ¢,B=dandgq=q-1

Rule1.1.3.46.1.413:If bc-ad+0@ AneZ"ANp<-1A0<qc<1lthen
J-(ex)'" (a+bx")? (c+dx")?dx —

(ex)™* (a+ bx")p+1 (c+dx)d
- +

aen (p+1)

1
—J(ex)’" (a+bx")p+1 (c+dx")q'1 (c(m+n(p+1) +1) +d (m+n (p+q+1) +1) x") dx
an(p+1)

Program code:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_= (c_+d_.*x_"n_)"q_,x_Symbol] :=

- (exX) A (m+1) * (a+bxx”*n) ~ (p+1) * (c+d*x”n) *q/ (a*exn* (p+1)) +

1/ (a*xn* (p+1)) *Int[ (e*X) “mx (a+b*x~n) A (p+1) * (c+d*x”*n)~ (q-1) *Simp [Cx (m+n* (p+1) +1) +d* (m+n* (p+q+1) +1) *X*n, X] ,x] /5
FreeQ[{a,b,c,d,e,m},x] & NeQ[bxc-axd,0] && IGtQ[n,0] && LtQ[p,-1] && LtQ[9,q,1] && IntBinomialQ[a,b,c,d,e,m,n,p,q,Xx]

22



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q 23

2. j(ex)“‘ (a+bx?)P (c+dx?)9dx whenbc-ad#@ AneZ*Ap<-1Am-n+1>0

1: j(ex)“‘(a+bx")"(c+dx")qd1x whenbc-ad#0 AneZ*Ap<-1Am-n+1l>n

Derivation: Binomial product recurrence 3awithA =0,B=1andm=m-n

Rule1.1.3.4.6.1.42.1:if bc-ad+0@ AneZ"Ap<-1 Am-n+1>n,then
~J.(ex)'“(a+bx")p(c+dx")q<:llx —

ae?"?! (ex)m2n+l (a + bx")p+1 (c +d x")q+1
- +

bn (bc-ad) (p+1)

e2n

bn (bc-ad) (p+1)

‘J\(ex)"“Zn (a+bx")’J+1 (c+dx")% (ac(m-2n+1) + (@ad (m-n+nq+1) +bcn (p+1)) x") dx

Program code:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_x(c_+d_.*x_"n_)~q_,x_Symbol] :=
-a%xe” (2xn-1) x (e*xx) * (Mm-2xn+1) * (a+bxx*n) ~ (p+1) » (c+d*x”*n) ~ (q+1) / (bxn* (bxc-axd) * (p+1)) +
e”(2xn) / (bxnx (bxc-axd) x (p+1) ) xInt [ (exx)~ (m-2xn) * (a+bxx”n) * (p+1) * (c+d*x"n) *q=*
Simp[axcx (M-2xn+1) + (a*d* (M-n+nxq+1) +bxCc*nx (p+1) ) *x*n,Xx] ,x] /5
FreeQ[{a,b,c,d,e,q},x] & NeQ[bxc-axd,0] && IGtQ[n,0] &% LtQ[p,-1] && GtQ[m-n+1,n] && IntBinomialQ[a,b,c,d,e,m,n,p,q,x]

2: j(ex)m(a+bx")p(c+dx")qu whenbc-ad#0 AneZ*Ap<-1Anxm-n+1>0

Derivation: Binomial product recurrence 3awithA = 1andB = @
Derivation: Binomial product recurrence 3b withA = 9,B = 1andm =m-n

Rule1.1.3.4.6.1.4.2.2:If bc-ad+@ AneZ" " Ap<-1 An=m-n+1>80,then

J(ex)"‘ (a+bx")? (c+dx")%dx —



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

e" (ex)™™ (a+ bx")"”'1 (c+d x“)q+1

n(bc-ad) (p+1)
en

J(ex)’"'" (a+bx")”"1 (c+dx")¥(c(m-n+1) +d (m+n (p+q+1) +1) x") dx
n(bc-ad) (p+1)

Program code:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)"q_,x_Symbol] :=
e (n-1) x (exx) * (m-n+1) % (a+b*x”n) * (p+1) * (c+d*x”*n) * (q+1) / (n* (bxc-axd) * (p+1)) -

e*n/ (nx (bxc-axd) » (p+1) ) *»Int [ (exx) A (m-n) x (a+bxx”n) ~ (p+1) * (C+d*Xx*n) *q*Simp [C* (M-n+1) +d* (M+n* (p+q+1) +1) *X"n,X] ,x] /5
FreeQ[{a,b,c,d,e,q},x] && NeQ[bxc-axd,0] &% IGtQ[n,0] && LtQ[p,-1] && GeQ[n,m-n+1] && GtQ[m-n+1,0] && IntBinomialQ[a,b,c,d,e,m,n,p,q,Xx]

3: J(ex)’“ (a+bx")? (c+dx")%dx whenbc-ad#8 Anez*A p<-1

Derivation: Binomial product recurrence 3b withA = 1andB = ©

Rule1.1.3.4.6.143:If bc-ad+0© A neZ"A p< -1,then

j(ex)'" (a+bx")? (c+dx")%dx —
b (e x)™?! (a +bx")'°+1 (c +dx")q+1

aen(bc-ad) (p+1)
1

+

J(ex)’"(a+bx")p+1 (c+dx")(cb (m+1) +n(bc-ad) (p+1) +db (m+n (p+q+2) +1) x") dx
an(bc-ad) (p+1)

Program code:

Int[(e_.*x_)"m_.x(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)"q_,x_Symbol]
-bx (exx) A (m+1) * (a+bx*x”n) * (p+1) * (c+d*x"n) * (q+1) / (axe*xnx (bxc-axd) * (p+1)) +
1/ (a*nx (bxc-axd) * (p+1) ) *
Int [ (exX) *Mmx (@a+b#x"n) " (p+1) » (C+d#X"N) *q#Simp [Cxb* (M+1) +nx (bxC-axd) * (p+1) +dxbx (M+nx (p+q+2) +1) xx*n,x],x] /;
FreeQ[{a,b,c,d,e,m,q},x] && NeQ[bxc-axd,0] && IGtQ[n,0] && LtQ[p,-1] && IntBinomialQ[a,b,c,d,e,m,n,p,q,Xx]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

5. J-(ex)m (a+bx?)P (c+dx*)9dx whenbc-ad#0@ AneZ*Aq>0
1. J(ex)m (a+bx")P (c+dx?)9dx whenbc-ad#@ AnezZ*Aq>0 Am<-1

1: -J-(ex)'“(a+bx")”(c+dx")qdlx whenbc-ad#@ AnezZ*Aq>0 Am<-1Ap>0

Derivation: Binomial product recurrence 2awithA =a,B=bandp=p -1

Rule1.1.3.46.15.1.1:1f bc-ad+@ AneZ"A"q>0 Am< -1 A p>0,then
J(ex)m(a+bx")p(c+dx“)qu —
n

(ex)™! (a+bx")? (c+dx")*

_ j(ex)'“*" (a+bx")”'1 (c+dx")“'1 (bcp+adq+bd (p+q)x") dx
e (m+1) e’ (m+1)

Program code:

Int[(e_.*x_)"m_x(a_+b_.*x_"n_)"p_*(c_+d_.*x_"~n_)~q_,x_Symbol] :=

(exx) ™ (m+1) * (a+bxx”n) *p*x (c+d*x”n) *q/ (e* (m+1)) -

n/ (e*nx (m+1) ) *Int [ (exx) " (M+n) x (a+b*x"n) ~ (p-1) » (C+d*x"n) ~ (q-1) *Simp [bxCxp+a*d+q+bxdx (p+q) *x*n,x1,x]| /;
FreeQ[{a,b,c,d,e},x] & & NeQ[bxc-axd,0] && IGtQ[n,0] && GtQ[q,0] && LtQ[m,-1] && GtQ[p,0] && IntBinomialQ[a,b,c,d,e,m,n,p,q,Xx]



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

2: f(ex)m(a+bx“)p(c+dx“)qu whenbc-ad#@ Anez*Aq>1 Am<-1

Derivation: Binomial product recurrence 2awithA = ¢,B=dandg=q-1

Rule1.1.3.4.6.1.5.1.2:If bc-ad+@ A neZ"Aq>1 A m< -1,then
J(ex)"‘ (a+bx")? (c+dx")%dx —

c(ex)™ (a+ bx")"":l (c+d x")q'1 1

ae (m+1) ae"(m+1).

J(ex)"‘*" (a+bx")p(c+dx“)q'2 (c(cb-ad) (m+1) +cn(bc(p+1) +ad (q-1)) +d ((cb-ad) (m+1) +cbn (p+q)) x") dx

Program code:

Int[(e_.*x_)"m_x(a_+b_.*x_"n_)"p_=»(c_+d_.*x_"n_)~q_,x_Symbol] :=
cx (exX) A (m+1) * (a+bxx*n) A (p+1) * (c+dxx*n) ~ (q-1) / (a*ex (m+1)) -
1/ (a*e”nx (m+1) ) xInt [ (exx) ™ (m+n) * (a+bxx”n) *p*x (c+d*x”n) * (q-2) *
Simp[cx (cxb-axd) x (m+1) +Cxnx (bxCc* (p+1) +axd* (q-1) ) +d* ( (cxb-axd) * (m+1) +c*b*n*(p+q))*x"n,x],x] /3
FreeQ[{a,b,c,d,e,p},x] & NeQ[bxc-axd,0] && IGtQ[n,0] && GtQ[q,1] && LtQ[m,-1] && IntBinomialQ[a,b,c,d,e,m,n,p,q,X]

3: j(ex)'“ (a+bx")? (c+dx")%dx whenbc-ad#8 Anez*A@<q<1l Am<-1

Derivation: Binomial product recurrence 2a withA = 1andB = @
Derivation: Binomial product recurrence 4b withA = ¢,B=dandgq=q -1
Rule1.1.3.4.6.15.1.3:If bc-ad+@©® AnezZ"AN@<qg<1 Am< -1 then

J.(ex)'“ (a+bx")? (c+dx")%dx —

(ex)™* (a+ bx")p+1 (c+dx")9

ae (m+1)
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q 27

1
—j(ex)'""" (a+bx")P (c+dx“)q'1 (cb(m+1) +n(bc (p+1) +adq) +d (b (m+1) +bn (p+q+1)) x") dx
ae" (m+1)

Program code:

Int[(e_.*x_)"m_x(a_+b_.*x_"n_)"p_x(c_+d_.xx_"n_)"q_,x_Symbol] :
(exx) A (m+1) » (a+b*xx”~n) ~ (p+1) * (c+d*x*n) *q/ (axex (m+1)) -
1/ (a*e”nx (m+1) ) xInt [ (exx) ~ (m+n) * (a+b*x”*n) *px (c+d*x”*n) ~ (q-1) *
Simp[cxbx (m+1) +nx (bxc* (p+1) +a*dxq) +d* (b* (m+1) +bxn* (p+q+1) ) *x*n,x] ,X] /5
FreeQ[{a,b,c,d,e,p},x] & NeQ[bxc-axd,0] && IGtQ[n,0] && LtQ[0,q,1] && LtQ[m,-1] && IntBinomialQ[a,b,c,d,e,m,n,p,q,Xx]

2: J(ex)’“ (a+bx")? (c+dx")%dx whenbc-ad#@ Anez*Aq>0 Ap>0

Derivation: Binomial product recurrence 2b withA = a,B=bandp=p -1

Rule1.1.3.4.6.1.5.2:If bc-ad+@ AneZ*ANq>0 A p>0,then
J.(ex)m (a+bx")? (c+dx")%dx —

(ex)™* (a+bx")? (c+dx")?

e(m+n (p+q) +1) "
éj(ex)’“ (a+bx")p'1 (c+dx")q'1 (ac(p+q) + (q(bc-ad)+ad (p+q)) x") dx
m+n(p+q) +1

Program code:
Int[(e_.*x_)"m_.%(a_+b_.*x_"n_)”p_=*(c_+d_.*x_"n_)"q_,x_Symbol] :=
(exx) ™ (m+1) * (a+bxx”~n) *p* (c+d*x*n) *q/ (ex (m+n* (p+q) +1)) +
n/(m+n*(p+q)+1)*Int[(e*x)"m*(a+b*x"n)"(p-1)*(c+d*x"n)"(q-1)*Simp[a*c*(p+q)+(q*(b*c—a*d)+a*d*(p+q))*x"n,x],x] /3

FreeQ[{a,b,c,d,e,m},x] &% NeQ[bxc-axd,0] && IGtQ[n,0] &% GtQ[q,0] && GtQ[p,0] && IntBinomialQ[a,b,c,d,e,m,n,p,q,Xx]



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

3: j(ex)’“ (a+bx")? (c+dx")%dx whenbc-ad#@ Anez*Aq>1

Derivation: Binomial product recurrence 2b withA = ¢,B=dandgq=qgq -1

Rule1.1.3.4.6.1.53:1f bc-ad +@ A nez" A q > 1,then

J\(ex)"1 (a+bx")? (c+dx")%dx —

d(ex)™? (a +bx")’J+1 (e +dx“)q'1 1

+ j(ex)’" (a+bx")? (c+dx")q'2~
be (m+n(p+q) +1) b(m+n (p+q) +1)

(c((cb-ad) (m+1) +cbn (p+q)) + (d(cb-ad) (m+1) +dn(q-1) (bc-ad) +cbdn (p+q)) x") dx

Program code:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_=(c_+d_.*x_"n_)”"q_,x_Symbol] :=
dx (exx)~ (m+1) * (a+b*xx”n) ~ (p+1) * (c+d*x”n) ~ (q-1) / (bxex (m+n* (p+q) +1)) +
1/ (b* (m+n* (p+q) +1) ) *Int [ (exXx) *m* (a+b*x”n) *p* (c+d*x*n) * (q-2) *
Simp[cx ( (cxb-axd) * (m+1) +cxbxnx (p+q) ) + (d* (cxb-axd) * (m+1) +dxn* (q-1) * (bxc-axd) +cxbxdxn* (p+q) ) *x*n,x] ,X] /3
FreeQ[{a,b,c,d,e,m,p},x] && NeQ[bxc-axd,0] & IGtQ[n,0] && GtQ[q,1] && IntBinomialQ[a,b,c,d,e,m,n,p,q,x]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

4: J-(ex)”(a+bx")p(c+dx")qu whenbc-ad#0@ AnezZ*Aq>0 Am-n+1>0

Derivation: Binomial product recurrence 2b withA = 9,B = 1andm =m-n
Derivation: Binomial product recurrence 4awithA = c¢,B=dandg=q-1

Rule1.1.3.46.154:1f bc-ad+0@ AneZ*Aq>0 Am-n+1>0,then
J(ex)“‘(a+bx")p(c+dx")qcﬂx —

e"! (ex)"™ "™ (a+ bx“)p+1 (c+ dx")q

bm+n (p+q) +1)
en

J(ex)'"‘" (a+bx")? (c+dx")q'1 (ac(m-n+1)+ (@ad(m-n+1) -nq (bc-ad)) x") dx
b(m+n (p+q) +1)

Program code:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)"q_,x_Symbol] :=
e (n-1) x (exx) * (m-n+1) * (a+b*x”n) * (p+1) » (c+d*x"n) *q/ (b* (m+n* (p+q) +1)) -
e*n/ (bx (m+nx (p+q) +1) ) »
Int [ (exx) ™ (m-n) * (a+bxx*n) *p* (c+d*x*n) * (q-1) *Simp [axCx (M-n+1) + (a*d* (Mm-n+1) —-nxq* (bxc-a*d) ) *x*n, x] ,x] /5
FreeQ[{a,b,c,d,e,p},x] & NeQ[bxc-axd,0] && IGtQ[n,0] && GtQ[q,0] && GtQ[m-n+1,0] & & IntBinomialQ[a,b,c,d,e,m,n,p,q,Xx]

6: J(ex)’"(a+bx")'J (c+dx")%dx whenbc-ad#8 Anez*Am-n+1>n

Derivation: Binomial product recurrence 4awithA =0,B =1landm=m-n

Rulel.1.34.6.16:1f bc-ad+@ AneZ"Am-n+1>n,then
j(ex)m(a+bx")p(c+dx“)qu —

@2n-1 (ex)m—2n+1 (a+bx")p+1 (C +dxn)q+1 e2n

bd (m+n (p+q) +1) _bd(m+n(p+q)+1)‘
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

J(ex)""2n (a+bx")? (c+dx")% (ac (m-2n+1) + (ad (m+n (q-1) +1) +bc (m+n (p-1) +1)) x") dx

Program code:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_=(c_+d_.*x_"n_)”"q_,x_Symbol] :=
e”(2xn-1) x (exx) * (Mm-2xn+1) * (a+bxx*n) ~ (p+1) * (c+dxx*n) ~ (q+1) / (bxd* (m+n* (p+q) +1)) -
e~ (2xn) / (bxd* (m+nx (p+q) +1) ) *
Int [ (exX) ™ (m-2xn) % (a+bxx”n) *p* (cC+d*xx”n) *q*xSimp[axC* (M-2xn+1) + (axdx (Mm+n* (q-1) +1) +bxCcx (Mm+n* (p-1) +1) ) *x*n,X] ,x] /5
FreeQ[{a,b,c,d,e,p,q},x] && NeQ[bxc-axd,0] & IGtQ[n,0] && GtQ[m-n+1,n] & & IntBinomialQ[a,b,c,d,e,m,n,p,q,x]

7: J(ex)m (a+bx")? (c+dx")%dx whenbc-ad#@ Anez*Am<-1

Derivation: Binomial product recurrence 4b withA = 1andB = ©

Rule1.1.3.4.6.1.7:1f bc-ad+ 0@ A nezZ" A m< -1,then
J.(ex)'" (a+bx")? (c+dx")%dx —

(e x)™? (a + bx")p+1 (c + dx")q+1

ace (m+1)

1

—J(ex)’""" (a+bx")? (c+dx")9 ((bc+ad) (m+n+1) +n(bcp+adq) +bd (m+n (p+q+2) +1) x") dx
ace" (m+1)

Program code:

Int[(e_.*x_)"m_x(a_+b_.*x_"n_)"p_x(c_+d_.*x_"~n_)~q_,x_Symbol] :=
(exx) ™ (m+1) * (a+bxx”~n) ~ (p+1) * (c+d*x”*n) ~ (q+1) / (a*c*xex (m+1)) -
1/ (axcxenx (m+1) ) %
Int [ (exXx) ™ (m+n) * (a+bxx*n) *px (c+dxx*n) *q+Simp[ (bxc+axd) x (Mm+n+1) +nx (bxcxp+axdxq) +bxd* (m+nx (p+q+2) +1) *x”n, x] ,x] /5
FreeQ[{a,b,c,d,e,p,q},x] && NeQ[bxc-axd,0] & & IGtQ[n,0] && LtQ[m,-1] && IntBinomialQ[a,b,c,d,e,m,n,p,q,x]

dx whenbc-ad#0 A nez*

8 J«(ex)m (c+dx")?

a+bx"
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

(ex)"
1. J. dx whenbc-ad#0 A nez*
a+bx c+dx")

(ex)"
1: j dx whenbc-ad#©@ Anez*Ans<ms<2n-1
a+bx c+dx")

Derivation: Algebraic expansion

ice (ex)" . ae" (ex)"" ce" (ex)™n
Basis: If n e Z’then (a+b x™) (c+dx") (bc-ad) (a+bx") * (bc-ad) (c+dx")
Rule1.1.34.6.1.8.1.1:If bc-ad+@ AneZ"Ans<m=<2n-1,then

(ex)™ ae" (ex)™" ce" (e x)™m-n
j dx — - J dx + j
(a+bx") (c+dx") bc-adJ a+bx" bc-adJ c+dx"
Program code:

Int[(e_.*x_)"m_./((a_+b_.xx_"n_)*(c_+d_.*x_"n_)),x_Symbol] :=
-axe”n/ (bxc-axd) *Int[ (exx)” (m-n) / (a+b%*x”n) ,x] + cxe*n/(bxc-a*d) *Int[ (exx)” (m-n)/ (c+dxx*n),x] /;
FreeQ[{a,b,c,d,e,m},x] && NeQ[bxc-axd,0] && IGtQ[n,0] && LeQ[n,m,2xn-1]

dx
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

(ex)"
2:] dx whenbc-ad#0 A nez*
(a+bx") (c+dx")

Derivation: Algebraic expansion

H 1 _ b d
Basis: (a+bz) (c+dz) ~ (bc-ad) (a+bz)  (bc-ad) (c+dz)
Rule1.1.3.4.6.1.8.1.2:If bc-ad +0 A n e Z",then

(ex)™ b (ex)™ d (ex)™
J dx — J dx - J dx
(a+bx") (c+dx") bc-adJa+bx" bc-adJc+dx"
Program code:

Int[(e_.*x_)"m_./((a_+b_.*x_"n_)*(c_+d_.*x_"n_)),x_Symbol] :=
b/ (bxc-axd) *Int[ (exx)*m/ (a+bx*x”*n) ,x] - d/ (bxc-a*d) *Int[ (exx)” m/ (c+d*x”n),x] /;
FreeQ[{a,b,c,d,e,m},x] && NeQ[bxc-axd,0] && IGtQ[n,9]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

dx whenbc-ad#@ AneZ*Ans<m<2n-1

m +d n\d
2:J~(ex) (c+dx")

a+bx"

Derivation: Algebraic expansion

fee 1 __e(ex) " ae" (ex) "
Basis: If n € z,then —— = . = % (345 X7
Rule1.1.3.4.6.1.82:If bc-ad+@ AnezZ*An<m=<2n-1,then

ae"

b

J-(ex)“‘ (c+dx)9

en
dx — —J(ex)'“‘" (c+dx")%dx-
a+bx" b

Program code:

Int[(e_.*x_)"m_x(c_+d_.*x_"n_)"q_./(a_+b_.*x_"n_),x_Symbol] :=

dx

J-(ex)"“" (c+dx)9

a+bx"

e*n/bxInt[ (exx)” (m-n) % (c+d*x*n)~q,x] - axe”n/bxInt[ (exx)” (m-n)* (c+dxx*n)~q/ (a+bxx*n),x] /;
FreeQ[{a,b,c,d,e,m,q},x] & NeQ[bxc-axd,0] && IGtQ[n,0] && LeQ[n,m,2xn-1] && IntBinomialQ[a,b,c,d,e,m,n,-1,q,Xx]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

X (a+bx")p
3. J—dlx whenbc-ad#0 A nez*
c+dx"

x (a+bx")?
1: J—dlx whenbc-ad#@ Anez*Ap>0
c+dx"

Derivation: Algebraic expansion

‘ee (atbz)P b (atbz)P!  (bc-ad) (at+bz)P?
Basis: c+dz d d (c+d z)
Rule1.1.3.4.6.1.83.1:If bc-ad+0© A neZ" A p > 90,then
x(a+bx")'° b bc-ad x(a+bx")p'1
——dx — - +bx")Ptax- a
j c+dx" * de(a X) * d j c+dx" *

Program code:

Int[x_=*(a_+b_.*x_"n_)"p_/(c_+d_.*x_"n_),x_Symbol] :=
b/d*Int [x* (a+bx*x”n) " (p-1) ,x] - (bxc-axd)/d*Int[x* (a+bx*x”n)” (p-1)/ (c+d*x"n),x] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0] && IGtQ[n,0] && GtQ[p,0] && IntBinomialQ[a,b,c,d,1,1,n,p,-1,x]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

x(a+bx“)p
2: j—dlx whenbc-ad#0 A nezZ*Ap<-1
c+dx"

Derivation: Algebraic expansion

‘e. (atbz)P b (atbz)P d (a+b z)P+1
Basis: c+tdz ~  bc-ad (bc-ad) (c+dz)

Rule1.1.3.4.6.1.83.2:If bc-ad +@ A neZ" A p < -1,then

b n\P b n\ p+1
fx(“—x)dlx—> b Jx(a+bx")pdx— d J-x(a+ x') dx

c+dx" bc-ad bc-ad c+dx"

Program code:

Int[x_=*(a_+b_.*x_"n_)"p_/ (c_+d_.*x_"n_),x_Symbol] :=
b/ (bxc-axd) *Int [x* (a+bxx”*n)” (p-1) ,x] - d/ (bxc-a*d) *Int[x* (a+bxx*n)” (p+1) / (c+dxx”*n),x] /;
FreeQ[{a,b,c,d},x] & NeQ[bxc-axd,0] & IGtQ[n,0] && LtQ[p,-1] && IntBinomialQ[a,b,c,d,1,1,n,p,-1,X]

X
3. J dx whenbc-ad#@ A (bc-4ad=0 Vv bc+8ad=0V b’c*-20abcd-8a’d’>=0)
Va+bx3 (c+dx3)
x
1.J dx whenbc-ad#0 A 4bc-ad=0
(a+bx3)\/c+dx3
X
1:J dx whenbc-ad#0 A 4bc-ad=0 A c>0
(a+bx3)\/c+dx3

Reference: Goursat pseudo-elliptic integral
Attribution: Martin Welz on 24 January 2018 via sci.math.symbolic
Derivation: Algebraic expansion

Basis:If Abc-ad =0 A c>0,letq- (¢, then

35



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

« . g . dax . q? (22/3—2qx) . q (24/3+3 q? x2_21/3 @ xz)

(a+bx®) \ c+d x® 6:22/2bx " c+d x? 25/3 b (4c+d®) \ c+d® 12b (2+21/3 q x) A\ c+d X3 62%/3bx (2“/3—22/3 q x+q? xz) \ c+d x3

Rule1.1.3.46.1.833.1.1:ffbc-ad+0@ A4bc-ad=0 A c>0,letq-(¢)", then

J\
X —
(a+bx3) Vec+dx3

J‘ q dlx"J dqx? ax J q? (223 - 2qx) ix q (24/3 +32x2-213 g} x3)
i +/ - +
6 22 bxVerdx 2°2b (4c+dx’) Verdx 12b (2422 gx) Ve+dx® 6.22/bx (23 - 23 qx+ @*x2) Ve +dx®

+d x3 do3 V3 Ve (1+2Y3gx Ve (1-213qx
qArcTanh[li/_@] ) qArcTan[%] ] qA"CTa"[ ] qArcTanh[—(—l]

A c+d X3 A c+d X3

9.22/3p/c 3.2234/3 bV 3.2234/3 b 3.223p+/c

Program code:

Int[x_/ ((a_+b_.*x_"3)*xSqrt[c_+d_.*x_"3]),x_Symbol] :=
With[{q=Rt[d/c,3]},
gxArcTanh[Sqrt [c+d*x*3] /Rt[c,2]]/ (9*2~(2/3) xbxRt[c,2]) +
gxArcTan[Sqrt[c+d*x”3]/ (Sqrt[3]*Rt[c,2])]1/ (3*x2”(2/3) xSqrt[3] xbxRt[c,2]) -
gxArcTan[Sqrt[3]*Rt[c,2] * (1+27~(1/3) *q*Xx) /Sqrt[c+d*x"3]]/ (3%2~(2/3) *Sqrt[3]xbxRt[c,2]) -
gxArcTanh[Rt[c,2] % (1-2”(1/3) xq*Xx) /Sqrt[c+d*x”3]1]/ (3*2~(2/3) xbxRt[c,2])] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-a*d,0] & & EqQ[4xbxc-axd,0] && PosQ[c]

dx

—
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

Ve+dx3

X
Z:J dx whenbc-ad#0 A 4bc-ad=0 A c}0
(a+bx3)

Reference: Goursat pseudo-elliptic integral
Derivation: Algebraic expansion

Basis:If 4bc-ad =0 A c > 0,letq- (3—)1’3, then

« . g . dax . q? (22/3—2qx) . q (24/3+3 q? x2_21/3 @ xs)
(a+bx®) \ c+d X3 6:22/2bx " c+d x? 25/3 b (4c+d®) \ c+d® 12b (2+21/3 qx) A\ c+d X3 62%/3bx (2“/3—22/3 q x+q? xz) \ c+d X3
Rule1.1.3.46.1.833.1.2:Iffbc-ad+0@ A4bc-ad=0 A c*0,letq-(¢)", then

J\
X —
(a+bx3) Vec+dx3

2 (22/3_2qx) q (24/3+3q2 X2_21/3 q3x3)

q J dqx? J q
—J dx + dx - dx + dx
6:223bxVec+dx3 2°3p (4c+dx®) Ve+dx? 12b (2+22qx) Vc+dx® 6-:223bx (2*2-222qx+q*x*) Vc+dX®

Vewax Aewae q ArcTanh Y3 Ve (1427 ax qArcTan Voe (1-2ax)
QAr'cTan[ Wers ] QArcTanh[ﬁﬁ] [ [end ] [ m ]

9.223p+ ¢ 3.223V3 bV -c 3.223V3 bV -c 3.223pbV ¢

—

Program code:

Int[x_/ ((a_+b_.*x_"3)*xSqrt[c_+d_.*x_"3]),x_Symbol] :=
With[{q=Rt[d/c,3]},
-gq*ArcTan[Sqrt[c+d*x*3] /Rt[-c,2]]/ (9*2~(2/3) xbxRt[-c,2]) -
gxArcTanh [Sqrt[c+d*x*3]/ (Sqrt[3]*Rt[-c,2]) ]/ (3*2~(2/3) xSqrt[3]*bxRt[-c,2]) -
gxArcTanh[Sqrt[3] *Rt[-c,2] * (1+2~(1/3) *q*X) /Sqrt[c+d*x"3]]/ (3%2~(2/3) *Sqrt[3]xbxRt[-c,2]) -
gxArcTan[Rt[-c,2]* (1-2”(1/3) *qxX) /Sqrt [c+d*x*3]]/ (3*2”~(2/3) xbxRt[-c,2])] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0] & & EqQ[4xbxc-axd,0] && NegQ[c]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

X
Z:J dx whenbc-ad#0 A 8bc+ad=0

(a+bx?) Vc+dx®

Reference: Goursat pseudo-elliptic integral
Attribution: Martin Welz on 22 January 2018 via sci.math.symbolic

Derivation: Algebraic expansion

Basis: If 8bc +ad = 9,letq- (¢)", then 2= . —daf— G0, 2cq-2dxdax

a+b x3 4b (8c-dx*) 12b (2-qx) 12bc (4+2qx+q? x?)

Rule1.1.3.4.6.1.8.33.2:1f bc-ad +0 A 8bc+ad=0,letq- (¢, then

J X dg x? q? 1+qx 1 J 2cq®*-2dx-dqx?
dx — — dx - J- dx +
(a+bx®) Vc+dx® ab (8c-dx®) Vc+dx? 12bJ 3_gx) Vec+dx® 12bc (4+2gx+g®>x%) Ve+dx®

Program code:

Int[x_/ ((a_+b_.*x_"3)*xSqrt[c_+d_.*x_"3]),x_Symbol] :=

With[{q=Rt[d/c,3]},

dxq/ (4xb) *Int [x*2/ ( (8*c-d*Xx"3) xSqrt[c+d*x"3]),x] -

gq”2/ (12xb) *Int[ (1+q*X) / ((2-q*X) *Sqrt[c+d*x”3]) ,x] +

1/ (12xbxc) *Int[ (2xc*xg"2-2xd*X-d*xq*X"2) / ( (4+2xq*X+q"2xX"2) *Sqrt[c+d*x"3]),x]] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0] && EqQ[8xbxc+axd,0]

dx
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

X
3.J dx whenbc-ad#0 A b>c?-20abcd-8a%d?==0

Va+bx® (c+dx?)

x
1:J dx whenbc-ad#0 A b2c2-20abcd-8a?d?>==0 A a>0

Va+bx? (c+dx3)

Reference: Goursat pseudo-elliptic integral
Note: Ifb2 c2 - 20abcd-8a2d? - (bc—l@ad+6\/?ad) (bc—l@ad—6\/?ad) == 0, then 2<-1224 should
simplify to v3 or -v3.

Rule1.1.3.4.6.1.8333.1:1f bc-ad#@ A b?2c?-20abcd-8a2d>=0 A a>0,letq— (2)" andr. betess then

J
X
Va+bx3 (c+dx3)

q2-r) Ar‘cTan[ (-r) \fasbs? ] q(2-r) ArcTan[M] q(2-r) ArcTanh[M] q(2-r) Ar‘cTanh[M]

V2 Va r3? V2 4fa+bx® V2 +/asbx® V2 /a+bx®

3VZ Va dr 2V7 Va drr2 6V Va dvr 3V7 Va d VT

Program code:

Int[x_/ ((c_+d_.*x_"3)xSqrt[a_+b_.*x_"3]),x_Symbol] :=
With[{q=Rt[b/a,3],r=Simplify[ (bxc-10xaxd)/ (6xaxd)]},
-g* (2-r) *ArcTan[ (1-r) *Sqrt[a+b*xx"3]/ (Sqrt[2] *Rt[a,2]*r*(3/2)) ]/ (3*xSqrt[2] xRt[a,2] *d*r*(3/2)) -
g* (2-r) *ArcTan[Rt[a,2] *Sqrt[r]* (1+r) * (1+q*X) / (Sqrt[2] *Sqrt[a+bxx"3]) ]/ (2xSqrt[2] xRt [a,2] *d*r*(3/2)) -
g* (2-r) *ArcTanh[Rt[a,2] * (1-r) *Sqrt[r]* (1+q*Xx) / (Sqrt[2] *Sqrt[a+bxx”3]) ]/ (6xSqrt[2] *xRt[a,2] *d*xSqrt[r]) -
q*(2—r)*ArcTanh[Rt[a,z]*Sqrt[r]*(1+r—2*q*x)/(Sqrt[Z]*Sqrt[a+b*xA3])]/(3*Sqrt[2]*Rt[a,z]*d*Sqrt[r])] /8
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0] & EqQ[b"2xc”"2-20xaxbxcxd-8xa”2xd"2,0] && PosQ[a]



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q 40

X
Z:J dx whenbc-ad#0 A b2c2-20abcd-8a?d?>==0 A a30

Va+bx® (c+dx?)

Reference: Goursat pseudo-elliptic integral

Note: Ifb2c2 - 20abcd-8a2d? -- (bc—l@ad+6\/?ad) (bc—l@ad—6\/?ad) == @, then 21224 should
simplify to vz or -v3'.

Rule1.1.3.4.6.1.8.3.33.2:If bc-ad+0 A b>c?-20abcd-8a?d?>=0 A a30,letqg— (%) 13 andr o belead then

J\
X —
Va+bX3 (C+dX3)

(1-r) \/ a+b® ] q2-r) ArcTanh[ V-a Vr (1+r) (+qx) q(2-r) Ar'cTan[ V-a o) Ve (:9) q(2-r) ArcTan[—(—q—)—' -2 Vr (er-2gx ]

q(2-r) Ar‘CTanh[ A2 V-a r¥? \/2_\/ a+b x3 \/2_\/ a+b x3 V2 Afa+bx®
342 V-a dr3? 242 \/-a dr3? 6vV2 V-a dVr 3v2 V-a dVr

Program code:

Int[x_/ ((c_+d_.*x_"3)xSqrt[a_+b_.*x_"3]),x_Symbol] :=
With[{q=Rt[b/a,3],r=Simplify[ (bxc-1@xaxd)/ (6xaxd)]},
g+ (2-r) *ArcTanh[ (1-r) *Sqrt[a+bxx”*3]/ (Sqrt[2] xRt [-a,2]*xr*(3/2)) ]/ (3*Sqrt[2] xRt[-a,2] *d*r*(3/2)) -
g* (2-r) *ArcTanh[Rt[-a,2] *Sqrt[r]* (1+r) = (1+q*X) / (Sqrt[2] *Sqrt[a+bx*x”*3]) ]/ (2xSqrt[2] xRt [-a,2] xd*xr~(3/2)) -
gq* (2-r) *ArcTan[Rt[-a,2] * (1-r) *Sqrt[r]* (1+q*x) / (Sqrt[2] *Sqrt[a+b*x*3]) ]/ (6*Sqrt[2]+xRt[-a,2] *d*Sqrt[r]) -
q*(2—r)*ArcTan[Rt[—a,2]*Sqrt[r]*(1+r—2*q*x)/(Sqrt[2]*Sqrt[a+b*xA3])]/(3*Sqrt[2]*Rt[—a,2]*d*5qrt[r])] /5
FreeQ[{a,b,c,d},x] &% NeQ[bxc-axd,0] && EqQ[b"2xc"2-20xaxbxcxd-8+a”2+d"2,0] &% NegQ[a]

4: X dx whenbc-ad#0 A bc+ad=0
(a+bx3)1/3 (c+dx?)

Derivation: Algebraic expansion and integration by substitution

Basis:If bc + ad == @and q = (&)*, then X - - o — ag? (1-gx)?
a (a) ’ (a+bx3)1’3 (c+d ) 3d (1-gqx) (a+bx3)1’3 3d (a-bx3) (a+bx3)1/3



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

fe. __ [(b\1/3 (1-gx)?2 3¢ 1 1+g X 1+q X
Basis: If g == (2) ™7, then o) (o) b Subst{ﬁzaxs, X, ooy | X T
 Rulel.13.4.6.1.8341f bc-ad+0 Abc+ad-=8,letq- (2)** then

X
J. s ] dx —
(a+bx) (c+dx)

q° 1 ag? (1-qx)?
_—J dx + — dx —
3dJ (1-qx) (a+bx3)1/3 3d J (a-bx®) (a+bx3)1/3

q° 1

q 1
- dx + — SubSt[f— dx, X, —]
3d (1—qx) (a+bx3)1/3 d 3 1/3

Program code:

Int[x_/ ((a_+b_.*x_"3)"~(1/3)* (c_+d_.*x_"3)),x_Symbol] :=
With[{gq=Rt[b/a,3]},
-g*2/ (3%d) *Int[1/ ((1-g*X) * (a+b*x"3) " (1/3)),x] +
q/d*Subst [Int[1/ (1+2%a*Xx"3),X],X, (L+q*X) / (a+bxx”3)~(1/3)1] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0] & EqQ[bxc+axd,0]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

5: X dx whenbc-ad#0
~J-(a+bx3)2/3 (c+dx3)

Rule1.1.3.4.6.1.8.3.5:1f bc - ad # 0, let g~ (2=2¢)™”, then

1+—2qX
abx3) /3
X Ar'cTan[ j; ] Log[c+dx?] Log[ax- (a+bx3)"?]
dx — - + -
(a+bx*)*? (c+dx?) V3 cq? 6 c g 2cq?

Program code:

Int[x_/((a_+b_.xx_"3)~(2/3) % (c_+d_.xx_"3)),x_Symbol] :=

With[{q=Rt[ (bxc-axd)/c,3]},

-ArcTan[ (1+ (2+xq*Xx) / (a+b*x”3)~(1/3)) /Sqrt[3]]1/ (Sqrt[3]*c*q”2) + Log[c+d*x"3]/ (6*xCc*q”2) - Log[qxx- (a+b*xx"3)~(1/3)]1/(2xc*q"2)] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

x2 c+dx
4. J dlxwhenbc—ad;te/\q2==—
a+bx?* 4

x2
1:J dx whenbc-ad#0
(a+bx4) Vec+dx?

Derivation: Algebraic expansion

1

e £ 0 _ [ _a)l/2 x2 s B s
Basis: If & = ( b) ,then - - TR
" Rule1.1.3.4.6.1.85.1:1f bc-ad + 0, let - (- %) 172 then
2 s 1 s J\
dx - —
(r‘—sx)

x
dx — —
J\(a+bx)\/c+dx4 2b (r‘+sx2)\/c+dx4 2b

Program code:

Int[x_"2/((a_+b_.*x_"4)xSqrt[c_+d_.+x_"4]),x_Symbol] :=
With[{r=Numerator[Rt[-a/b,2]], s=Denominator[Rt[-a/b,2]]}
s/ (2xb) *Int[1/ ((r+s*Xx"2) *Sqrt[c+d*x"4]) ,X] - s/ (2xb) *Int[1/ ((r-s*x”*2) xSqrt[c+d*x"4]),X] ] /5

FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0]

Ve+dx?

dx
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

—Ac‘ﬂx whenbc-ad#0
a+bx

9. J-xz‘\/c+dx4

Derivation: Algebraic expansion

B -:x/c+dz . d bc-ad
asI>: “3b 2 b+ c+dz i b (a+bz) c+dz
" Rule1.1.3.4.6.1.852:1f bc - ad # @, then
x2Vec+dx? d x2 bc—adJ x2
j—A dx — —J- dx + dx
a+bx bJ Vecrdx® b (a+bx?®) Vesdx®

Program code:

Int[x_"2xSqrt[c_+d_.xx_"4]/(a_+b_.xx_"4),x_Symbol] :=
d/bxInt[x*2/Sqrt[c+d*x"4],x] + (bxc-axd)/bxInt[x"2/((a+b*x"4)xSqrt[c+d*x*4]),x] /;
FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

xm
Q.J dx whenbc-ad#@ A (m|n)€ezZ AO<m-n+1<n
Ya+bx" Vc+dx"
X2
. b d
1.J- dlxwhenbc-ad;te/\;>e/\:>e

Ya+bx2 Vc+dx?

Rule1.13.4.6.19.1:If bc-ad+0@ A 2>0 A ¢ >0,then

Va+bx?

X2 xVa+bx? ¢
j dx — - =
Va+bx? Vec+dx? bVcrdxz P

Program code:

Int[x_"2/(Sqrt[a_+b_.xx_"2]*Sqrt[c_+d_.xx_"2]),x_Symbol] :=

I

x*Sqrt[a+bxx”2]/ (bxSqrt[c+d*x”2]) - c/bxInt[Sqrt[a+bx*x*2]/ (c+d*x"2)"(3/2),x] /;
FreeQ[{a,b,c,d},x] & NeQ[bxc-a+d,0] & PosQ[b/a] & PosQ[d/c] && Not[SimplersqrtQ[b/a,d/c]]

c+dx?)?

dx
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

n

X
Z:I dx whenbc-ad#@ A (n=2 V n=4)
Va+bx" Vec+dx"

Derivation: Algebraic expansion

Basis: z __ MNatbz _ a
asis \Ja+b z b b+ a+bz
 Rule1.1.3.4.6.1.9.2:1fbc-ad +0 A (n=2V n=4),then
x" 1 ~Va+bx" a 1
j dx — — —dlx——j dx
Vasbx" Vec+dx" b Ve+dx" b

Va+bx" Verdx
Program code:

Int[x_"n_/ (Sqrt[a_+b_.xx_“n_]*Sqrt[c_+d_.*x_"n_]),x_Symbol] :=

1/bxInt[Sqrt[a+bxx"n]/Sqrt[c+d*x*n],x] - a/bxInt[1/ (Sqrt[a+bxx”n]*Sqrt[c+d*x”*n]),x] /;
FreeQ[{a,b,c,d},x] & NeQ[bxc-axd,0] & (EqQ[n,2] || EqQ[n,4]) & Not[EqQ[n,2] && SimplersqrtQ[-b/a,-d/c]]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

10: Jx“‘ (a+bx")? (c+dx")%dx whennez* A (p+m;—1|q)ez A -1<p<0

Derivation: Integration by substitution

% € Z,letk = Denominator [p], then

k (m+1)

m ny p ny o__ ﬁ X 0 a xk XN’k } xn/k
X" (a+bx")PF[x"] = "= Subst{ 1o F{lfbxk}’ Xs arbxm UK Ox (arb x") 1k

Basis: If p +

Basis: If (p+ ™% | q) ez, letk = Denominator [p],then

k (m+1)

' (c-(bc-ad) x¥)? n "
Xm<a+bxn>p<C+dxn>q::%subst{x (C(Ca)X> xn/k } x< xn/k

X
m+1 ) ) ny1/k 1/k
T
<1*b Xk)erqJr n N (a+bX )

a+b xM)

Note: The exponents in the resulting integrand are integers.

Rule1.1.3.46.1.10:if nez* A (p+ ™ | q) €Z A -1 <p < 0,letk = Denominator[p], then

k (m+1)

K aP x ot (c- (bc-ad) x¥)? x"/k
X" (a+bx")? (c+dx")9dx — Subst[ dx, X, —]

n (1 - bxk)Prar el (a+bxn)

Program code:

Int[x_"m_.*(a_+b_.*x_"n_)"p_=* (c_+d_.*x_"n_)"q_.,x_Symbol] :=
With[{k=Denominator[p]},
k*xa” (p+ (m+1) /n) /n*
Subst [Int [x” (k* (m+1) /n-1) * (c- (bxc-axd) *x*k) *q/ (1-bxx"k) ~ (p+q+ (m+1) /n+1) ,x] ,X,x” (n/k) / (a+b*x”n)~ (1/k) ] ] /3
FreeQ[{a,b,c,d},x] &% IGtQ[n,0] && RationalQ[m,p] && IntegersQ[p+ (m+1)/n,q] && LtQ[-1,p,0]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

2. J(ex)'" (a+bx")? (c+dx")%dx whenbc-ad#@ A nez"
1. J(ex)m (a+bx")? (c+dx")%dx whenbc-ad#@ Anez" AmeQ

1: Jx'“ (a+bx")? (c+dx")%dx whenbc-ad#@0 Anez Amez

Derivation: Integration by substitution

X

Basis: F [X] == —Subst{ﬂi—;L, X, ﬂ Oy L

Rule1.1.3.4.6.2.1.1:If bc-ad +0© A hez A meZ,then

a+bx‘")'°(c+dx‘")q 1
dx, x, —]
Xm+2 X

Jx"‘ (a+bx")? (c+dx")%dx — —Subst[J(

Program code:

Int[x_"m_.*(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)"q_,x_Symbol] :=
-Subst [Int[ (a+bxx” (-n))"px (c+dxx” (-n))"q/x"(m+2) ,x],X,1/x] /;
FreeQ[{a,b,c,d,p,q},x] &% NeQ[bxc-axd,0] && ILtQ[n,0] && IntegerQ[m]



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

2: J-(ex)’" (a+bx")? (c+dx")%dx whenbc-ad#@0 Anez AmeF

Derivation: Integration by substitution

Basis:If n€Z A g > 1,then (ex)"F[x"] = - £ subst [ Flex®] iy, —1—] g —2

& (m+1)+1 ? exyved X (ex)ve
Rule1.1.3.46.2.1.2:1f bc-ad+0 A neZ A meF,letg = Denominator[m], then
benx&n P de"x-8gn q
~J.(ex)'“(a+bx")p(c+dx")q<:]1x — —ESubstU.(a+ e xE)” (crdexE) dx, X, ! ]
e Xg (m+1) +1 (e X) 1/g

Program code:

Int[(e_.*x_)"m_x(a_+b_.*x_"n_)"p_x(c_+d_.xx_"n_)"q_,x_Symbol] :=

With[{g=Denominator[m]},

-g/e*Subst[Int[ (a+bxe” (-n) *x" (-g*n) ) “p* (c+dxe” (-n) *x" (-g*n) ) *q/x* (g* (m+1) +1) ,x],X,1/ (exx)”~(1/8) ] ] /5
FreeQ[{a,b,c,d,e,p,q},x] && ILtQ[n,0] && FractionQ[m]



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

2: J-(ex)m (a+bx")? (c+dx")%dx whenbc-ad#@ A nez-Am¢Q

Derivation: Piecewise constant extraction and integration by substitution

Basis: 0y ((ex)™ (x1)") =0

Basis: F [X] == —Subst{ﬂi—zlL, X, ﬂ Oy L

Rule1.1.3.4.6.2.2:1f bc-ad+@ A neZ A mgO0,then

(a+bx")p (c+dx“)q

j(ex)'“ (a+bx")? (c+dx")%dx — (ex)" (X_l)mj (x1)"

1
dx, X, —]
X

a+bx")? (c+dx")?
X

m+2

— -(ex)" (x*)" subst [I (

Program code:

Int[(e_.*x_)"m_x(a_+b_.*x_"n_)"p_x(c_+d_.xx_"n_)"q_,x_Symbol] :=
- (exXx) *m* (X~ (-1) ) *m*Subst [Int[ (a+b*Xx” (-n) ) *p* (c+d*Xx” (-n) ) *q/x" (M+2) ,x],X,1/x] /;
FreeQ[{a,b,c,d,e,m,p,q},x] & NeQ[bxc-ad,0] & ILtQ[n,0] & Not[RationalQ[m] ]

dx
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

7. j(ex)'“ (a+bx")? (c+dx")%dx whenbc-ad#@ A neF

1: Jxm (a+bx")p (c+dx")qd1x whenbc-ad#0 A neF

Derivation: Integration by substitution
Basis: If g € Z*, then xnF[x"] = g Subst [xe M -1F[xen], x, x1/8] o,x!/
Rule1.1.3.4.7.1:1f bc-ad +0 A necF,letg = Denominator[n], then

Jx'" (a+bx")? (c+dx")%dx — gSubst[ng MD-1 (a+bxB")P (c+dxE")dx, x, xl/g]

Program code:

Int[x_"m_.x(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)~q_,x_Symbol] :=
With[{g=Denominator[n]},
g*Subst[Int[x"(g*(m+1)—1)*(a+b*x"(g*n))"p*(c+d*x"(g*n))"q,x],x,x"(l/g)]] /3

FreeQ[{a,b,c,d,m,p,q},x] & & NeQ[bxc-axd,0] && FractionQ[n]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

2: J(ex)'“ (a+bx")? (c+dx")%dx whenbc-ad#@ A neF

Derivation: Piecewise constant extraction
Basis: 5, 1—>— =0

eIntPar‘t[m] (e x) FracPart[m]

Basis: (x- -.

xFracPart[m]

Rule1.1.3.4.7.2:f bc-ad +£0 A n e F,then

eIntPartiml (g yyFracPart(m]

j(ex)'" (a+bx")? (c+dx")%dx — Jx’" (a+bx")? (c+dx")%dx

xFracPart[m]

Program code:

Int[(e_*»x_)"m_x%(a_+b_.*x_"n_)"p_»(c_+d_.*x_"n_)"~q_,x_Symbol] :=
e~IntPart[m] * (exx) “FracPart[m] /x*FracPart [m] *Int [x*m* (a+b*Xx”n) *p* (c+d*x”n) *q,x] /;
FreeQ[{a,b,c,d,e,m,p,q},x] & NeQ[bxc-axd,0] && FractionQ[n]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

8. J(ex)"‘ (a+bx")? (c+dx")%dx whenbc-ad#0@ A m:‘—lez

X: Jxm (a+bx")p (c+dx")qd1x whenbc-ad#0 A ﬁeZ‘/\ m#-1A-1<p<@ A -1<q<0

Derivation: Integration by substitution

F (x-(m2)) m

Basis: If " € Z,then xmF[x"] = - - 1 g x-me)
m+1 m+1 (x,(m))
 Rulell348xlfbc-ad#@Am#-1A ez A-1=p<@ A -1xq<0,then
sbxam)” (c+dxar)’
Jx"‘ (a+bx")? (c+dx")%dx — ] Subst[J\(al . )XZ(C X ) dx, x, x'("'*l)]

Program code:

(* Int[x_"m_.*(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)"q_,x_Symbol] :=

-1/ (m+1) *Subst [Int[ (a+bxx"Simplify [-n/ (m+1)]) ~px (c+dx"Simplify[-n/ (m+1)])"q/x"2,x],x,x" (- (m+1))] /3
FreeQ[{a,b,c,d,m,n},x] && NeQ[bxc-axd,0] && NeQ[m,-1] && ILtQ[Simplify[n/(m+1)+1],0] &&

GeQ[p,-1] &% LtQ[p,0] && GeQ[q,-1] &% LtQ[q,0] && Not[IntegerQ[n]] =)
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

1: [x" (a+bx")P (c+dx")9dx whenbc-ad#0 A ez
( )
m+1

Derivation: Integration by substitution
Basis: If ﬁ c 7Z,then xnr[x" =- ﬁ Subst[F[Xm"T], X, X™1] g, x™1

Rule1.1.348.1:ff bc-ad+0 A m':—l € Z,then

Jx"‘ (a+bx")? (c+dx")%dx — mil Subst[J(a+me"T)p (C+de:_1)qle, X, x"‘*l]

Program code:

Int[x_"m_.x(a_+b_.xx_"n_)"p_=* (c_+d_.*x_"n_)"q_,x_Symbol] :=
1/ (m+1) »Subst [Int[ (a+bxx"Simplify[n/ (m+1)])"px (c+d+x"Simplify[n/ (m+1)])"q,x]|,x,x (m+1)] /3
FreeQ[{a,b,c,d,m,n,p,q},x] & NeQ[bxc-axd,0] && Integer‘Q[Simpli-Fy[n/(m+1)]] && Not[IntegerQ[n]]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

2: J(ex)'" (a+bx")? (c+dx")%dx whenbc-ad#0 A m’:—lez

Derivation: Piecewise constant extraction
Basis: 5, 1—>— =0

eIntPart[m] (e x) FracPart[m]

Basis: (x- -.

xFracPart [m]

Rule1.1.3.4.8.2:1fbc-ad +0 A m:—l € Z,then

eIntPartiml (g yyFracPart(m]

j(ex)'" (a+bx")? (c+dx")%dx — Jx’" (a+bx")? (c+dx")%dx

xFracPart[m]

Program code:

Int[(e_*x_)™m_.x(a_+b_.*x_"*n_)~p_»(c_+d_.*x_"n_)~q_,x_Symbol] :=
e~IntPart[m] * (exx) “FracPart[m] /x*FracPart [m] *Int [x*m* (a+b*Xx”n) *p* (c+d*x”n) *q,x] /;
FreeQ[{a,b,c,d,e,m,n,p,q},x] && NeQ[bxc-axd,0] && IntegerQ[Simpli-Fy[n/(m+1)]] && Not[IntegerQ[n]]

9. j(ex)'“ (a+bx")? (c+dx")%dx whenbc-ad#@ A p<-1
1. J(ex)'" (a+bx")? (c+dx")%dx whenbc-ad#@ A p<-1Aq>0

1: J.(ex)m (a+bx")? (c+dx")%dx whenbc-ad#@ A p<-1Aq>1

Derivation: Binomial product recurrence 1 withA = ¢,B=dandgq=q-1

Rule1.1.3.49.1.1:1f bc-ad+0 A p< -1 A q>1,then

J(ex)“‘ (a+bx")? (c+dx")%dx —

-(cb-ad) (ex)™! (a+bx")P*! (c+dx")?? 1
+ .
aben (p+1) abn (p+1)




Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

J(ex)’“(a+bx“)p+1 (c+dx")q’2 (c(cbn(p+1) + (cb-ad) (m+1)) +d (cbn (p+1) + (cb-ad) (m+n(q-1) +1)) x") dx

Programcode:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_=(c_+d_.*x_"n_)”"q_,x_Symbol] :=
- (cxb-axd) *x (exx)~ (m+1) * (a+bxx”*n) ~ (p+1) * (c+dxx*n) ~ (q-1) / (axbxexnx (p+1)) +
1/ (a*bxnx (p+1) ) *Int [ (exx) *m* (a+b*x”n) ~ (p+1) * (c+d*Xx*n) * (q-2) *
Simp[cx (Cxbxnx (p+1) + (cxb-axd) » (m+1) ) +d* (Cxbxnx (p+1) + (cxb-axd) * (m+n=x (q-1) +1))*x"n,x],x] /5
FreeQ[{a,b,c,d,e,m,n},x] && NeQ[bxc-axd,0] & & LtQ[p,-1] && GtQ[q,1] && IntBinomialQ[a,b,c,d,e,m,n,p,q,Xx]

2: J(ex)'“(a+bx")" (c+dx")%dx whenbc-ad#@ A p<-1A0<q<1

Derivation: Binomial product recurrence 1 withA = 1andB = @
Derivation: Binomial product recurrence 3bwithA = ¢,B=dandgq=q-1

Rule1.1.3.49.1.2:If bc-ad+0@ A p< -1 A B<qc<1,then
J-(ex)'" (a+bx")? (c+dx")?dx —

(ex)™* (a+ bx")p+1 (c+dx)d
- +

aen (p+1)

1
—J(ex)’" (a+bx")p+1 (c+dx")q'1 (c(m+n(p+1) +1) +d (m+n (p+q+1) +1) x") dx
an(p+1)

Program code:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_= (c_+d_.*x_"n_)"q_,x_Symbol] :=

- (exX) A (m+1) * (a+bxx”*n) ~ (p+1) * (c+d*x”n) *q/ (a*exn* (p+1)) +

1/ (a*xn* (p+1)) *Int[ (e*X) “mx (a+b*x~n) A (p+1) * (c+d*x”*n)~ (q-1) *Simp [Cx (m+n* (p+1) +1) +d* (m+n* (p+q+1) +1) *X*n, X] ,x] /5
FreeQ[{a,b,c,d,e,m,n},x] && NeQ[bxc-axd,0] & LtQ[p,-1] && LtQ[0,q,1] && IntBinomialQ[a,b,c,d,e,m,n,p,q,Xx]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q 57

2: J(ex)'“ (a+bx")? (c+dx")%dx whenbc-ad#@ A p<-1

Derivation: Binomial product recurrence 3b withA = 1andB = ©

Rule1.1.3.49.2:f bc-ad +0 A p < -1,then

J(ex)"‘ (a+bx")? (c+dx")%dx —

b (ex)™? (a +bx")'D+1 (c +dx“)q+1
- +

aen(bc-ad) (p+1)

1

j(ex)"‘(a+bx“)p+1 (c+dx")%(cb (m+1) +n(bc-ad) (p+1) +db (m+n (p+q+2) +1) x") dx
an(bc-ad) (p+1)

Program code:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_x(c_+d_.*x_"n_)~q_,x_Symbol] :=
-b* (exx)~ (m+1) * (a+bxx*n) ~ (p+1) * (c+d*x”*n) * (q+1) / (a*xexnx (bxc-a*d) » (p+1)) +
1/ (axnx (bxc-axd) » (p+1) ) *
Int [ (exX) *mx (a+bxx”n) ~ (p+1) * (C+d*xx*n) *q*Simp [cxbx (M+1) +nx (bxc-axd) = (p+1) +dxbx (m+nx (p+q+2) +1) *X~n,X] ,x] /5
FreeQ[{a,b,c,d,e,m,n,q},x] & NeQ[bxc-axd,0] && LtQ[p,-1] && IntBinomialQ[a,b,c,d,e,m,n,p,q,Xx]

10. j(ex)“‘ (a+bx")? (c+dx")%dx whenbc-ad#@ A q>0

1: J(ex)'" (a+bx")? (c+dx")%dx whenbc-ad#@ A q>0 A p>0

Derivation: Binomial product recurrence 2b withA = a,B=bandp=p -1

Rule1.1.3.4.10.1:If bc-ad+0 A >0 A p > 0,then
f(ex)'“ (a+bx")? (c+dx")%dx —

(ex)™* (a+bx")? (c+dx")?

e(m+n(p+q) +1) '



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q 58

éj(ex)’" (a+bx")"'1 (c+dx")q'1 (ac(p+q) + (q(bc-ad) +ad (p+q)) x") dx
m+n(p+q) +1

Program code:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)"q_,x_Symbol] :=

(exx) ~ (m+1) » (a+b*x"n) *px (c+d*x"*n) *q/ (e* (m+nx (p+q) +1)) +

n/ (m+n* (p+q) +1) *Int [ (e*x) “mx (a+bxx~n) A (p-1) % (c+d*x*n) ~ (q-1) *Simp [a*xCx (p+q) + (q* (bxc-axd) +axd* (p+q) ) *x*n,X] ,x] /5
FreeQ[{a,b,c,d,e,m,n},x] && NeQ[bxc-axd,0] && GtQ[q,09] && GtQ[p,0] && IntBinomialQ[a,b,c,d,e,m,n,p,q,Xx]

2: J(ex)'" (a+bx")? (c+dx")%dx whenbc-ad#@ A q>1

Derivation: Binomial product recurrence 2b withA = ¢,B=dandgq=q -1

Rule 1.1.3.4.10.2:1f bc-ad +#+© A g > 1, then
j(ex)'" (a+bx")? (c+dx")%dx —

d (e x)™? (a + bx“)p":l (c +dx")q'1 1

+ J(ex)m (a+bx")? (c+dx")q’2-
be (m+n (p+q) +1) b(m+n (p+q) +1)

(c((cb-ad) (m+1) +cbn(p+q)) + (d(cb-ad) (m+1) +dn (q-1) (bc-ad) +cbdn (p+q)) x") dx

Program code:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_=*(c_+d_.*x_"n_)"q_,x_Symbol] :=
dx (exx)~ (m+1) » (a+b*x”n) ~ (p+1) * (c+d*x”*n) ~ (q-1) / (bxex (m+nx (p+q) +1)) +
1/ (b* (m+n* (p+q) +1)) *Int[ (e*xx) *m* (a+bxx”~n) *p*x (c+d*x”n) * (q-2) *
Simp[cx ( (cxb-axd) * (m+1) +cxbxnx (p+q) ) + (d* (cxb-axd) * (m+1) +d*xnx (q-1) » (bxc-axd) +cxbxdxn* (p+q) ) *x*n,Xx] ,X] /3
FreeQ[{a,b,c,d,e,m,n,p},x] & NeQ[bxc-axd,0] && GtQ[q,1] && IntBinomialQ[a,b,c,d,e,m,n,p,q,Xx]



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

(ex)"
11.j dx whenbc-ad#0
(a+bx") (c+dx")
xm
1:J dx whenbc-ad#©@ A (m=nV m=2n-1)
(a+bx") (c+dx")

Derivation: Algebraic expansion

. . U o a xmn cxmn
Basis: (atbx") (c+dx") (bc-ad) (a+bx") * (bc-ad) (c+dx")

Rule1.1.3.4.11.1:If bc-ad+0@ A (m=n V m=2n-1),then

X"‘ a Xm—n c
J dx — - j dx + j dx
(a+bx") (c+dx") bc-adJa+bx" bc-adJc+dx"

Program code:

Int[x_"m_/ ((a_+b_.*x_"n_)x(c_+d_.xx_"n_)),x_Symbol] :=
-a/ (bxc-axd) *Int[x* (m-n) / (a+bxx”*n) ,x] + c/ (bxc-axd) *Int[x”(m-n)/ (c+d*x*n),x] /;
FreeQ[{a,b,c,d,m,n},x] && NeQ[bxc-axd,0] && (EqQ[m,n] || EqQ[m,2xn-17)

59



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

(ex)"
Z:J dx whenbc-ad#0
(a+bx") (c+dx")

Derivation: Algebraic expansion

1 - b B d
(a+bz) (c+dz) =~ (bc-ad) (a+bz) (bc-ad) (c+dz)

Rule1.1.3.4.11.2:If bc - ad # 0, then

(ex)™ b (ex)™ d (ex)™
J dx — J dx - J dx
(a+bx") (c+dx") bc-adJa+bx" bc-adJc+dx"

Basis:

Program code:
Int[(e_.*x_)"m_./((a_+b_.*x_"n_)*(c_+d_.*x_"n_)),x_Symbol] :=

b/ (bxc-axd) *Int[ (exx)*m/ (a+bx*x”*n) ,x] - d/ (bxc-a*d) *Int[ (exx)” m/ (c+d*x”n),x] /;
FreeQ[{a,b,c,d,e,n,m},x] & & NeQ[bxc-axd,0]

12: j(ex)'“ (a+bx")? (c+dx")Tdx whenbc-ad#@ A p+2€zZ*A q+2ezZ*

Derivation: Algebraic expansion

Rulel.1.34.12:1f bc-ad+0@ A p+2€Z" AN q+2eZ",then

J(e x)" (a+bx")? (c+dx")?dx — JExpandIntegrand[ (ex)" (a+bx")? (c+dx")?, x] dx

Program code:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_=(c_+d_.*x_"n_)"q_,x_Symbol] :=
Int [ExpandIntegrand[ (e*x) "mx (a+bxx”~n) *p* (c+dxx*n)*q,x],x] /;
FreeQ[{a,b,c,d,e,m},x] &% NeQ[bxc-axd,0] &&% IGtQ[p,-2] && (IGtQ[qg,-2] || EqQ[q,-3] && IntegerQ[ (m-1)/2])



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

A. J(ex)m(a+bx“)p(c+dx")qu whenbc-ad#0 Am#-1 Am#n-1

1: J(ex)m(a+bx")p(c+dx")qu whenbc-ad#@ Am#-1 Am#n-1A (peZV a>0) A (QEZ V c>0)

Rule1.1.34Al:lf bc-ad+0@ Am#+ -1 Am+n-1 A (peZVa>0) A (QqeZ V c>0),then

aP c9 (e x)™?

m+1 m+1 b x" dx"
AppellFl[—, -p, -q, 1+ , - , - ]
n

m an dnqdl
J(ex) (a+ x) (c+ x) X — - - -

e (m+1)

Program code:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_x(c_+d_.*x_"n_)~q_,x_Symbol] :=
a”pxc~qx (exx)~ (m+1) / (e* (m+1) ) xAppellF1[ (m+1) /n,-p,-q,1+ (m+1) /n,-bxx"n/a,-dxx*n/c] /;
FreeQ[ {a,b,c,d,e,m,n,p,q},x] & NeQ[bxc-axd,0] && NeQ[m,-1] && NeQ[m,n-1] &&
(IntegerQ[p] || GtQ[a,0]) & (IntegerQ[q] || GtQ[c,0])

2: j(ex)m(a+bx")p(c+dx")qu whenbc-ad#@ Am#-1 Am#n-1A -~ (peZ V a>0)

Derivation: Piecewise constant extraction

Basis: 9, abx1)” __ g

12)?

Rulel.1.34A2:Ifbc-ad+@ Am+-1Am+n-1A - (peZ V a>0),then

aIntPar‘t[p] (a +b Xn) FracPart[p] n

p
J(ex)'“(a+bx")p(c+dx")qdlx—) (ex)"‘[1+ ] (c+dx")%ax

b x" \ FracPart[p] a
(2+27)

a

Program code:

Int[(e_.*x_)"m_.*(a_+b_.*x_"n_)"p_=(c_+d_.*x_"n_)”"q_,x_Symbol] :=
a”IntPart[p] * (a+bxx”~n) *FracPart[p]/ (1+bxx~n/a) *FracPart[p] *Int[ (e*xx) *m* (1+bxx~n/a) *p* (c+d*x"n)*q,x] /;
FreeQ[{a,b,c,d,e,m,n,p,q},x] && NeQ[bxc-axd,0] && NeQ[m,-1] & NeQ[m,n-1] && Not[IntegerQ[p] || GtQ[a,0]]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

S. [u"(a+bv")? (c+dv")9dx whenv=e+fX A u=gv
[u (@vpv)” (crav) g

1: Jxm (a+bv")p (c+dv")qd1x whenv=e+fx A mez

Derivation: Integration by substitution

Basis: If mez,then x"F[e + £ x] == fmld Subst[ (x-e)"F[x], X, e+ fx] 0y (e +fx)

Rule1.1.34S.1:lIf v==e+fx A me Z,then

jx'" (a+bv")? (c+dv")Tdx — ;—+15ubst[j(x—e)m (a+bx")? (c+dx")%dx, x, v]

Program code:

Int[x_"m_.x(a_.+b_.xv_"n_)"p_.x(c_.+d_.*v_"n_)~q_.,x_Symbol] :=
1/Coefficient[v,x,1]" (m+1) *Subst [Int[simplifyIntegrand [ (x-Coefficient[v,x,0]) mx (a+bxx"n)"px (c+dxx”n)~q,x],x],x,v] /;

FreeQ[{a,b,c,d,n,p,q},x] && LinearQ[v,x] && IntegerQ[m] && NeQ[v,X]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

2: |u" (a+bVv")? (c+dv")%dx whenv=e+fXx Au=gv
[ (@vov)? (cravr) g

Derivation: Integration by substitution and piecewise constant extraction

m

Basis: If u == g v,thenox 7 == 0

m

Rule1.1.3.4S.2:If v==e+fx A u==gv,then

m

m

Ju“‘ (a+bv")p (c+dv")qd1x —
fv

Subst[fx"‘ (a+bx")? (c+dx")%dx, x, v]

Program code:

Int[u_"m_.*(a_.+b_.*v_"n_)"p_.*(c_.+d_.*v_"n_)"q_.,x_Symbol] :=
urm/ (Coefficient [v,X,1] v m) xSubst [Int [x m« (a+bxx"n) Apx (c+d*x"n) ~q,Xx],X,V] /;
FreeQ[{a,b,c,d,m,n,p,q},x] & LinearPairQ[u,v,Xx]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

N. J(ex)"‘ (a+bx")? (c+dx")*dx
1. |x™ (a+bx™)P (c+dx™)9dx

1: Jx'" (a+bx")? (c+dx™")%dx when qez

Derivation: Algebraic normalization
Basis: If g € Z,then (c +dx™")% = x"9 (d + cx")4
Rule1.1.3.4.N.1.1: If g € z, then

J‘x’" (a+bx“)p (c+dx‘")qdlx — jx'“‘"q (a+bx")p (d+cx")qd1x

Program code:

Int[x_"m_.*(a_+b_.*x_"n_.)"p_.*(c_+d_.*x_"mn_.)"q_.,x_Symbol] :=
Int [X* (m-nxq) * (a+b*x*n) *p* (d+c*x*n) *q,Xx] /;
FreeQ[{a,b,c,d,m,n,p},x] && EqQ[mn,-n] &% IntegerQ[q] &% (PosQ[n] || Not[IntegerQ[pl])
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

2: J-x"‘ (a+bx")? (c+dx™")%dx when q¢z A pez

Derivation: Piecewise constant extraction

BaS|S: 6X M —— @

(d+cxM)d
. nqg -ny\q n FracPart[q] -n\ FracPart[q]
Basis: X (c4dx M9 __ X (c+d x™M)
(d+CXn)q (d+C Xn>Fr‘acPar‘t[q]

Rule1.1.3.4N.1.2:1f g¢ Z A p ¢ Z, then

x" FracPart[q] (C +d X_") FracPart[q]

jx"' (a+bx")p (c+dx'")qd1x — x"-nd (a+bx")'° (d+cx")qd1x

(d +c xn) FracPart[q]

Program code:

Int[x_"m_.*(a_+b_.*x_"n_.)"p_.*(c_+d_.*x_"mn_.)"q_,x_Symbol] :=
X" (nxFracPart[q]) * (c+d*x” (-n) ) *FracPart[q] / (d+cxx”*n) *FracPart [q] *Int [X* (m-nxq) * (a+b*Xx*n) *p* (d+c*x*n) *q,x] /;
FreeQ[{a,b,c,d,m,n,p,q},x] &% EqQ[mn,-n] && Not[IntegerQ[q]] && Not[IntegerQ[p]]
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

2: J(ex)'“ (a+bx")? (c+dx™")*dx

Derivation: Piecewise constant extraction
Basis: a, i—>— =0

eIntPar‘t[m] (e x) FracPart[m]

Basis: 2= -

xFracPart[m]

Rule 1.1.3.4.N.2:

eIntPar‘t [m] (e X) FracPart[m]

J%exw(a+bxwp(c+dqudx'* J}”h+bxwp(c+drﬂqu

XFracPart[m]

Program code:

Int[(e_*x_)"m_x(a_.+b_.*x_*n_.)"p_.*(c_+d_.*x_"mn_.)"q_.,x_Symbol] :=
e*IntPart[m] x (exx) ~*FracPart[m] /x"FracPart [m] *Int [X"m* (a+bxx”~n) *p* (c+d*x” (-n) ) *q,x] /;
FreeQ[{a,b,c,d,e,m,n,p,q},x] & EqQ[mn,-n]

(* IntBinomialQ[a,b,c,d,e,m,n,p,q,x] returns True iff (exx)” mx (a+bxx”~n) px (c+dxx*n)~q is integrable wrt x in terms of non-Appell functions. x)
IntBinomialQ[a_,b_,c_,d_,e_,m_,n_,p ,q_,x_Symbol] :=
IntegersQ[p,q] || IGtQ[p,0] || IGtQ[q,0] ||
EqQ[n,2] && (IntegersQ[m,2xp,2xq] || IntegersQ[2xm,p,2+q] || IntegersQ[2xm,2xp,q]) ||
EqQ[n,4] & (IntegersQ[m,p,2xq] || IntegersQ[m,2xp,q]l) ||
EqQ[n,2] && IntegersQ[m/2,p+1/3,q] &% (EqQ[bxc+3xaxd,@] || EqQ[bxc-9xaxd,0]) ||
EqQ[n,2] && IntegersQ[m/2,q+1/3,p] &% (EqQ[axd+3xbxc,@] || EqQ[axd-9xbxc,0]) ||
EqQ[n,3] && IntegersQ[ (m-1)/3,q,p-1/2] && (EqQ[bxc-4xaxd,0] || EqQ[bxc+8xaxd,0] || EqQ[b~2xc”*2-20xaxbxcxd-8xa*2xd"2,0]) ||
EqQ[n,3] && IntegersQ[ (m-1)/3,p,q-1/2] && (EqQ[4xbxc-axd,0] || EqQ[8xbxc+axd,0] || EqQ[8xb"2xc*2+20xaxbxcxd-a*2xd"2,0]) ||
EqQ[n,3] & (IntegersQ[m,q,3xp] || IntegersQ[m,p,3xq]) &&% EqQ[bxc+axd,0] ||
EqQ[n,3] & (IntegersQ[ (m+2)/3,p+2/3,q] || IntegersQ[ (m+2)/3,q+2/3,p]) ||
EqQ[n,3] & (IntegersQ[m/3,p+1/3,q] || IntegersQ[m/3,q+1/3,p])



Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

Rules for integrands of the form u (a; + by x"/2)” (a; + by x"/2) P F[x"]

1: Ju (a1 + by x"?)P (@2 + b, x"2)P F[x"] dx when a; by +a; b, =0 A (p€Z V (a;>@Aa;>0))

Derivation: Algebraic simplification
BaSiSZ |f a2 b1+a1 b2 ::@ A (pEZ \/ <a1>@/\a2>e>>,then (31+b1Xn/2)p(az+b2Xn/2)p== (a1a2+b1bzxn)p
Rule:lf ab;+a1b, =0 A (pez VvV (a1 >0Aa; >0)),then

Ju (a1 + by x"2)P (@ + by x"2)P F[x"] dx — ju (a1 @z + by by x") P F[x"] dx

Program code:

Int[u_.*(al_+bl_.*x_”non2_.)"p_.*(a2_+b2_.xx_”"non2_.)"p_.x(c_+d_.*x_"n_.)"q_.,x_Symbol] :=
Int[ux (alxa2+blxb2xx”~n) *p* (c+d*x*n)*q,x] /;

FreeQ[{al1,b1,a2,b2,c,d,n,p,q},x] && EqQ[non2,n/2] && EqQ[a2xbl+alxb2,0] && (IntegerQ[p] || GtQ[al,0] && GtQ[a2,0])

Int[u_.x(al_+bl_.*x_"non2_.)"p_.*(a2_+b2_.xx_"non2_.)"p_.x(c_+d_.*x_"n_.+e_.*x_"n2_.)"q_.,x_Symbol] :=
Int [ux (alxa2+blxb2xx”"n) *p* (c+dxx*n+exx” (2xn))"q,x] /;

FreeQ[{al1,b1,a2,b2,c,d,e,n,p,q},x] & EqQ[non2,n/2] && EqQ[n2,2xn] && EqQ[a2xbl+alxb2,0] && (IntegerQ[p] || GtQ[al,0] &% GtQ[a2,0])
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Rules for integrands of the form (e x)~m (a+b x~n)"p (c+d x~n)"q

2: Ju (a + by x"?)P (@2 + by x™?)P F[x"] dx when a; by +a; b, =0 A ~ (peZ V (a;>0Aa;>0))

Derivation: Piecewise constant extraction

H 1+by x"/2 ? 2+by x/2 ’
Basis: If dr bj_ + di bz == 0, then o, (2002 7%)" [az+bs 7] =

(31 az+by by x")P

Rule: If a, b1 + a1 by == 0, then

a; + by X"/z) FracPart[p] (

FracPart
a, + by X1/2) racPart[p]

ju (a1 + by x"?)P (@2 + b, x"2)P F[x"] dx — ( u (agaz + by by x")P F[x"] dx

FracPart
(a1 a, + by b, x") rackart[p]

Program code:

Int[u_.*(al_+bl_.*x_"non2_.)"p_=x(a2_+b2_.*x_"non2_.)" p_=*(c_+d_.*x_"n_.)"q_.,x_Symbol] :=
(al+blxx”~(n/2))~FracPart[p]* (a2+b2xx” (n/2) ) ~FracPart[p]/ (alxa2+blxb2xx”~n) *FracPart[p] *
Int[u*x (alxa2+blxb2xx"n) *p* (c+d*x"n)*q,x] /;
FreeQ[{al,b1,a2,b2,c,d,n,p,q},x] && EqQ[non2,n/2] &_& EqQ[a2xbl+alxb2,0] && Not[EqQ[n,2] && IGtQ[q,9]]

Int[u_.*(al_+bl_.*x_"non2_.)"p_.=*(a2_+b2_.xx_"non2_.)"p_.x(c_+d_.*x_"n_.+e_.*x_"n2_.)"q_.,x_Symbol] :=
(al+blxx” (n/2))~FracPart[p]* (a2+b2xx” (n/2) ) ~FracPart[p]/ (al*xa2+blxb2xx”n)~*FracPart[p]*
Int[u*x (alxa2+blxb2xx”n) *px (c+d*x*n+e*xx”" (2xn))"*q,x] /;
FreeQ[{al,bl1,a2,b2,c,d,e,n,p,q},x] &% EqQ[non2,n/2] && EqQ[n2,2xn] && EqQ[a2xbl+alxb2,0]
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